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Energy efficient hybrid TA/OTD multilateration for neighbour cells in extended coverage

Introduction
At RAN#72, a new work item "ePOS_GERAN" on positioning enhancements was started [1]. Without requiring network synchronization or dedicated additional hardware such as Location Measurement Units (LMUs), the MS position shall be determined much more precisely than just by the cell ID and the Timing Advance (TA). Nevertheless, the MS energy consumption shall be suitable for IoT devices.
As a method, a trilateration based on TA measurements [2] with 3 different base station sites was proposed. The energy calculation assumed not only the serving cell, but also the neighbour cells from the other sites to be in normal coverage. Under less favourable Rx conditions, however, some of the cells, in particular neighbour cells, will be in extended coverage. In this case, a TA measurement with a neighbour cell can consume much more energy than assumed in [2].
This document proposes a method to reduce the number of TA measurements in the case that, in the same geographical area, the positions of two or more mobile stations are determined within a very short period of time. Improving the energy efficiency of the communication between the MS and the network as proposed in [3] is important, and fewer TA measurements with neighbour cells can reduce the energy consumption further.
Although the proposed approach uses the observed time difference at the MS, it is meant for unsynchronized networks without Location Measurement Units (LMUs). In some cases, only the TA value from the serving cell is needed – the MS need not contact other cells. In some other cases, a trilateration can be made with just two TA values. The positioning will not be as precise as with a TA value for each cell included in the trilateration, but energy is saved by fewer transmissions. This can make a big difference in particular in the case that the MS is in normal coverage w.r.t. to its serving cell but in extended coverage w.r.t. at least one of the neighbour cells used for the multilateration, and the energy saving can be used for a longer battery life or for more frequent position updates.
Tradeoff between positioning frequency, accuracy, and Battery life
If all base station sites involved in the multilateration are in normal coverage, relatively frequent position measurements with a good accuracy may be possible without too large impact on the battery life. If one neighbour cell used for a multilateration is in coverage class 4 instead of coverage class 1, however, the energy consumption for the TA measurement with that cell will be so high that it more than triples the energy consumption for the entire positioning procedure. If all involved cells are in extended coverage, the energy consumption may be even much worse, compared with all cells in normal coverage. The energy consumption can be considerably reduced by making fewer TA measurements with neighbour cells, but the position estimate will be less accurate.

If an MS moves at 30 km/h, it will move by 100 m in just 12 s. Hence in particular for moving MS, frequent position updates can be more useful than a high positioning accuracy combined with infrequent measurements because the average distance between the current MS position and the last measured position can be reduced. (For the moving MS, a position update every hour with an error of 200 m may be more useful than a position update every two hours with an error of 100 m.)
On the other hand, there are use cases where the MS does not move, but a high position accuracy is desired despite the high energy consumption for contacting neighbour cells in extended coverage. Both use cases should be supported.
Proposal 1 for agreement:
For moving mobile stations, a lower positioning accuracy than achievable with 3 TA values is acceptable if the energy consumption per positioning can be considerably reduced.
[bookmark: _Ref458697388]Two-step approach to reduce the number of TA measurements
The proposed approach requires that the mobile stations, when reporting the Rx levels of the neighbour cells at the beginning of the positioning procedure, include also observed time differences between some of the neighbour cells and the serving cell in the report. The observed time difference (OTD) can be based e.g. on the SCH or, in the case of EC-GSM-IoT operation, on the EC-SCH. It is not necessary to express the OTD in terms of the full frame number because ambiguities occur only in the range of the propagation delays, and they are limited by the cell radius. Hence reporting the time difference modulo 125 normal symbol periods will be an option to limit the number of bits that have to be reported. (125 normal symbol periods is 1/10 of a TDMA frame duration – this is more than needed for normal cell ranges and fits well into powers of 2.)
The proposed approach has two steps. In the first step, the position of an MS is determined by TA measurements in its serving cell and with neighbour cells. From the TA and OTD measurements, real time differences (RTD) [5] between the involved cells are determined (modulo the same range as used for the OTD values). In the second step, these real time differences are used to calculate distances between further mobile stations and their neighbour cells if, shortly afterwards, the same set of cells is used again for a positioning. Then TA measurements with these neighbour cells are not needed.
[bookmark: _Ref458928958]Resolution of the time synchronization
In order to limit the quantization error to 1/16 normal symbol period which, at the speed of light c = 3·108 m/s, corresponds to 69 m, the resolution of a mobile station's synchronization to the serving cell and to neighbour cells should be 1/8 normal symbol period or better.
Such a high resolution should also be used for reporting observed time differences. 10 bits will be needed to cover the OTD range between 0 and 124.875 normal symbol periods at a resolution of 0.125 normal symbol periods.
Proposal 2 for agreement:
The MS should use a resolution of 1/8 normal symbol period or better for the time synchronization to the network and the reporting of the observed time differences.
When measuring the TA, the network should apply such a high resolution, too. In this document, TA does not refer to the value with the normal symbol period resolution that is signalled to the MS, but to a measured value with a resolution of 1/8 normal symbol period or better.
Looking at the variances of the estimates, let
· VM denote the variance of the time synchronization of a mobile station to a cell and
· VB denote the variance of a base station's timing estimation of an UL signal.

An observed time difference that an MS reports will be based on the difference between two timings, e.g. tM,N1-tM,S for
· the time tM,N1 when the MS detects the synchronization signal in the Rx signal from a neighbour cell N1
· minus the time tM,S when the MS detects the synchronization signal in the Rx signal from its serving cell S.
Both times will have some error, in the following referred to as ΔtM,N1 and ΔtM,S, and the corresponding variance is VM. 

Similarly, the variance of a TA measurement includes the synchronization inaccuracies in both
· DL which is ΔtM,S from above and
· UL, referred to as ΔtB,S for the serving base station's error with variance VB.
Hence the variance of a TA measurement will be VM+VB. However, when TA/2 is calculated, the standard deviation will be divided by 2 and the variance by 4. Hence the variance of TA/2 is (VM+VB)/4.
First step: Calculating real time differences
After the position of an MS has been determined based on a timing advance values
· TAS in its serving cell S,
· TAN1 with neighbour cell N1 from a different site and
· TAN2 with neighbour cell N2 from yet another site,
the real time differences between the involved cells can be calculated. Input values are these TA values and the observed time differences
· OTDN1-S between N1 and S and
· OTDN2-S between N2 and S
reported in the neighbour cell report at the beginning of the positioning procedure.
RTDN1-S is the real time difference between N1 and S,
RTDN2-S is the real time difference between N2 and S, and
RTDN2-N1 is the real time difference between N2 and N1.
The real time differences can be calculated as follows:
RTDN1-S = OTDN1-S – TAN1/2 + TAS/2
RTDN2-S = OTDN2-S – TAN2/2 + TAS/2
RTDN2-N1 = RTDN2-S – RTDN1-S = OTDN2-S – TAN2/2 – OTDN1-S + TAN1/2
Under typical conditions, these RTD values have a sufficient accuracy for a quarter of a minute. Due to a slow timing drift between base station sites in an unsynchronized network, an additional error of >10 m can easily be caused by using RTD values that are older than that.
[bookmark: _Ref458867734]Second step: Calculating the distance to a neighbour cell based on reported OTD
If there is another MS in the same geographical area that has one of S, N1 and N2 as serving cell and the remaining two cells as neighbour cells for which it reports OTD values, the distance to its serving cell can be determined by c·TA/2 and the distances to the other two cells can be calculated if the RTD values are still up-to-date. For example, if in the second positioning
· the serving cell is the same as for the MS in the first step, but
· the timing advance is TAS',
· the reported OTD values are OTDN1-S' and OTDN2-S', and
· the unknown distances to the neighbour cells N1 and N2 are dN1' and dN2', respectively,
the distances are calculated as follows:
dN1' = c(OTDN1-S' – RTDN1-S + TAS'/2)
dN2' = c(OTDN2-S' – RTDN2-S + TAS'/2)
These distances have the same variance. To compare it with the variance of a TA based distance measurement, the propagation delay dN1'/c is analyzed further, and variables referring to the MS from the second step are marked with an apostrophe:

dN1'/c = OTDN1-S' – RTDN1-S + TAS'/2 
         = OTDN1-S' – (OTDN1-S – TAN1/2 + TAS/2) + TAS'/2
         = tM',N1-tM',S – (tM,N1-tM,S) + TAN1/2 – TAS/2 + TAS'/2

To find correlations between the OTD and TA measurements' error terms, the variables on the right hand side of the equation above and their respective error terms are listed below:

Variable	Error term
tM',N1	ΔtM',N1
-tM',S	-ΔtM',S
-tM,N1	-ΔtM,N1
tM,S	ΔtM,S
TAN1/2	0.5ΔtM,N1+0.5ΔtB,N1
-TAS/2	-0.5ΔtM,S–0.5ΔtB,S
TAS'/2	0.5ΔtM',S+0.5Δt'B,S

The sum of the error terms (taking the correlations between errors in OTD and TA measurements into account) is:
ΔtM',N1–0.5ΔtM',S–0.5ΔtM,N1+0.5ΔtM,S+0.5ΔtB,N1–0.5ΔtB,S+0.5Δt'B,S
The corresponding variances (positioned below the respective error term) and their sum, i.e. the total variance of dN1'/c, are
  VM   +  VM/4  +  VM/4   +  VM/4   +  VB/4   +  VB/4   +  VB/4   = 1.75VM + 0.75VB


If the variances of the MS and the base station, VM and VB, were equally large, i.e. VM=VB, the variance of a distance measurement from an observed time difference would be 2.5VM whereas the variance of a distance measurement from a TA measurement with a neighbour cell would only be 0.5VM. This means that already without considering the timing drift between the cells, the standard deviation of a distance estimation using OTD values is  ≈ 2.2 times as large as the standard deviation of a distance determined directly by a TA measurement. The impact on the position estimate's variance will depend on the geometry of the base station and MS positions as well as the algorithm used for estimating the position – some optimization will be possible by giving a higher weight to the TA measurement based distance than to the OTD measurement based distances. A rough estimate is that if each of the 3 estimated distances contributed equally to the variance of the position estimate, if the distances' errors were independent and if again VM=VB, the ratio between
· the variance of a position estimate based on one TA measurement and two OTD values to
· the variance of a position estimate based on three TA measurements 
would be (0.5VM+2.5VM+2.5VM)/(0.5VM+0.5VM+0.5VM) ≈ 3.7, resulting in a factor of <2 for the position estimate's standard deviation. In the example of Annex B, the standard deviation increases by about 30 %.
Observation:
If the TA measurements with neighbour cells are replaced by OTD value based distance calculations, the positioning error will increase, but the factor is expected to be <2.
If some RTD information is available, but not from a sufficient number of neighbour cells or not with the desired precision, the available information may be enough to resolve the ambiguity from a TA bilateration: Only a transmission to one neighbour cell is needed in this case, and the observed time differences are used to determine which of the two circles' intersections resulting from the bilateration is the correct one.
[bookmark: _Ref458697396]Joint position estimation for several MS in the same area
If more or less simultaneously the position of more than 2 mobile stations is determined using the same set of 3 or more cells (without co-locations), the positions can be jointly estimated based on the TA measurements in the mobile stations' respective serving cells and the reported OTD values [6]. Since there is an overdetermined set of equations from which the RTD values can be estimated, TA measurements with neighbour cells are not needed at all. This is another attractive use case for the reported OTD values.
Reporting the otd values for the most useful neighbour cells
Transmitting a radio block in the UL consumes approximately as much energy as making TA measurements with two neighbour cells in normal coverage [4]. Hence reporting OTD values should not make the neighbour cell report longer. An MCS-1 block can accommodate 176 bits. For example, identifications for at least 5 neighbour cells found, their Rx levels and 4 OTD values will fit into the report. This means that OTD values can only be reported for selected neighbour cells if many neighbour cells can be received. The network should have the possibility
· to configure the number of cells for which, in addition to the Rx level, the OTD value shall also be reported (applicable only if the MS receives enough suitable neighbour cells) and thus
· to control the trade-off between the number of reported Rx levels and the number of reported OTD values.
Usually, a trilateration can be based on the mobile station's distances to its serving cell and two neighbour cells. None of the cells should be co-located, and the three cells should preferably not be positioned on a straight line.
Hence reporting OTD values for neighbour cells that are co-located with the serving cell will not be useful for the TA multilateration. Similarly, if there is a neighbour cell site from which the MS can detect two sectors, it is enough to report the OTD value for the sector with the highest Rx level of this neighbour cell site.
To this end, the serving cell should provide some information to the mobile stations. For example, the BA list can be arranged to start with all the cells for which OTD values should not be reported and afterwards list further neighbour cells grouped by sites. Then, in a SI message, the base station provides an index to the first neighbour cell in the BA list for which OTD may be reported, and further indexes to the positions in the BA list where groups of co-located neighbour cells start.
                  Table 1: Example for the order in a BA list
	Index	Neighbour cell position
	0	Same site as serving cell, sector 2
	1	Same site as serving cell, sector 3
	2	Neighbour cell site 1, sector 1
	3	Neighbour cell site 1, sector 2
	4	Neighbour cell site 1, sector 3
	5 	Neighbour cell site 2, sector 1
	6	Neighbour cell site 2, sector 2
	7	Neighbour cell site 3, sector 1
	8	Neighbour cell site 3, sector 2

The network will provide the indexes 2, 5 and 7. The MS will report OTD (as far as the cells can be received) for the strongest neighbour cell from the neighbour cell site 1, the strongest neighbour cell from the neighbour cell site 2 and the strongest neighbour cell from the neighbour cell site 3. If the network requested only 2 OTD values and if there was not enough spare capacity in the neighbour cell report for all of these OTD values, only two of these values with priority for the strongest neighbour cells should be reported. If, however, the MS detects any further neighbour cells which are not part of the BA list and the neighbour cell report can accommodate further measurement values, the MS should fill the report with the additional cells' Rx levels and OTD values.
The reporting of Rx levels can be much less restrictive than the OTD reporting because Rx levels (including extended coverage) need only 7 bits each and, if only neighbour cells from the serving cell's site and one other site can be received, the pattern of the neighbour cells' Rx levels can be useful to resolve a bilateration ambiguity.
Conclusions
If a high positioning accuracy is desired and GNSS is not available, the TA multilateration with UL transmissions to each of the neighbour cells used for the multilateration will be the method of choice.
If a cell and its neighbour cells are frequently used for positionings of different mobile stations, a trilateration may be based on less than 3 TA measurements. If frequent position updates are desired without too large impact on the battery life, the mobile station's report of the observed time differences can in many cases replace the mobile station's transmission to the neighbour cells. The positioning will be less accurate. For a moving MS, however, this disadvantage can be more than offset by more frequent position updates (at equal MS energy consumption) because precisely determined positions are anyway quickly outdated.
A good compromise between MS energy consumption and positioning accuracy is to use only two TA values, resulting in two circles that have two intersections, even if the sectorization does not exclude one of the intersections. If the 2 intersections are not too close to one another, the observed time differences can be used to resolve the ambiguity.
The relative energy saving from fewer TA measurements will be particularly large if neighbour cells used for the multilateration are in a higher coverage class than the serving cell. Hence it will be highly useful to standardize in the framework of the ePOS_GERAN work item that, together with the Rx levels, the MS can be requested to report also OTD values for selected neighbour cells.
If, during the life time of Rel-14 mobile stations supporting the TA multilateration, more and more networks were precisely synchronized (e.g. by GPS), the number of networks would grow where the inclusion of observed time differences in the neighbour cell reports for positioning reduces the mobile stations' energy consumption for the TA multilateration also in cases where, in a geographical area, only the position of a single MS needs to be measured. Furthermore, the positioning accuracy of a hybrid TA/OTD multilateration will be better in a precisely synchronized network than in an unsynchronized network with RTD estimates.
Proposal 3 for agreement:
The mobile stations' neighbour cell measurement report for the TA multilateration shall include, in addition to Rx levels, OTD values for a configurable number of neighbour cells.
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There are 4 base stations (S, N1, N2, N3) and 4 stationary MS (MS1, MS2, MS3, MS4).
The coordinates (x, y) are in km.
The time differences are calculated modulo one TDMA frame period (1250 normal symbol periods).

The propagation delay of 1 km corresponds to 0.903 normal symbol periods. (As a simplification, it is assumed that the delay corresponds to the line of sight.)

Some quantization effects to ⅛ normal symbol period are included, but
· the MS's measurement inaccuracy when comparing the timing between a neighbour cell and its serving cell,
· the MS's timing inaccuracy when synchronizing and transmitting to a cell,
· the network's measurement inaccuracy when assessing the TA and
· the slow timing drift between the base stations
are not included.

Cells and mobile stations with positions and real time differences:
Serving cell S for MS1: (0, 0)
Neighbour cell N1: (0, 5), this is the serving cell for MS2
                              TDMA frame offset to S: 100.1 normal symbol periods later
Neighbour cell N2: (5, 0), this is the serving cell for MS3
                              TDMA frame offset to S: 1248.2 normal symbol periods later
Neighbour cell N3: (5, 5), this is the serving cell for MS4
MS1: (1, 1)
         Distance to S: 1.41 km corresponding to 1.28 normal symbol periods
                                If the BTS calculates the TA internally at a resolution of ⅛ normal symbol period,
                                it will be 2.5.
         Distance to N1 and N2: 4.12 km corresponding to 3.72 normal symbol periods
                                If these neighbour cell base stations calculate the TA internally at a resolution of
                                ⅛ normal symbol period, it will be 7.5.
MS2: (2, 3)
         Distance to S: 3.61 km corresponding to 3.26 normal symbol periods
         Distance to N1: 2.83 km corresponding to 2.56 normal symbol periods, TA=5
         Distance to N2: 4.24 km corresponding to 3.83 normal symbol periods
MS3: (4, 2)
         Distance to S: 4.47 km corresponding to 4.04 normal symbol periods
         Distance to N1: 5 km corresponding to 4.52 normal symbol periods
         Distance to N2: 2.24 km corresponding to 2.02 normal symbol periods, TA=4
MS4: (5, 4)
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      Figure 1: BTS and MS positions

MS1 will observe a time difference between N1 and its reference S of
  100.1	(real time difference in normal symbol periods)
–    1.28	(propagation delay from S)
+    3.72	(propagation delay from N1)
  102.55	(observed time difference)
MS1 will report the rounded value of 102.55·8, i.e. 820.

MS1 will observe a time difference between N2 and its reference S of
1248.2	(real time difference in normal symbol periods)
–    1.28	(propagation delay from S)
+    3.72	(propagation delay from N2)
1250.65	This is more than a TDMA frame (1250 normal symbol periods).
	The observed time difference is 1250.65 mod 1250 = 0.65
MS1 will report the rounded value of 0.65·8, i.e. 5.

From the 3 TA values of MS1 (determined for the trilateration) and MS1's reported time difference observations, the network can find out the real time differences between S, N1 and N2.

The network can estimate the real time difference between N1 and S by inverting the calculation above:
  102.5	(MS1's reported observed time difference 820/8)
+    1.25	(half of the TA for S)
–    3.75	(half of the TA for N1)
  100	Due to quantization, this estimated real time difference deviates from the ideal value of 100.1.

Similarly, the network can estimate the real time difference between N2 and S:
      0.625	(MS1's reported observed time difference 5/8)
+    1.25	(half of the TA for S)
–    3.75  	(half of the TA for N2)
–    1.875	This estimated real time difference corresponds to -1.875+1250=1248.125 after shifting by a TDMA frame duration into the interval [0, 1250). The ideal value would be 1248.2.

If MS2's position is measured within less than a quarter of a minute after the positioning of MS1, the real time differences estimated above can in most of the cases be assumed to be still sufficiently accurate because usually, the timing between the serving cell and the neighbour cell sites drifts slowly. It is assumed that MS2's report about the neighbour cells includes observed time differences to S and N2. The network also knows from MS2's TA that the one-way latency is ~2.5 normal symbol periods to N1.

Real time difference of S w.r.t. N1 (the other way around than above where the real time difference of N1 w.r.t. S was given): 100.1 normal symbol periods earlier corresponds to -100.1 or 1149.9 normal symbol periods later. Due to the OTD value's quantization in the report from MS1, the network will assume ‑100+1250=1150.
Real time difference of N2 w.r.t. N1: Since N2 is 1248.2 normal symbol periods later than S and since S is 100.1 normal symbol periods earlier than N1, N2 is 1248.2-100.1=1148.1 normal symbol periods later than N1. Due to the quantization in the report from MS1, the network will calculate 1248.125-100=1148.125.

MS2 will observe a time difference between S and its reference N1 of
1149.9	(real time difference in normal symbol periods)
–    2.56	(propagation delay from N1)
+    3.26	(propagation delay from S)
1150.6	(observed time difference)
MS2 will report the rounded value of 1150.6·8, i.e. 9205.
(A modulo operation with a shorter cycle than one TDMA frame period is possible in order not to have to spend 14 bits.)

MS2 will observe a time difference between N2 and its reference N1 of
1148.1	(real time difference in normal symbol periods)
–    2.56	(propagation delay from N1)
+    3.83	(propagation delay from N2)
1149.37	(observed time difference)
MS2 will report the rounded value of 1149.37·8, i.e. 9195.

From
· the real time differences between S, N1 and N2 estimated above (based on the TA values for MS1 and its reported observed time differences) as well as
· the reported observed time differences from MS2 and the TA in its serving cell N1,
the network can estimate the distance between MS2 and S. The network's calculation is essentially the reversed calculation from above, but using the estimates rather than the exact values
  1150.625	(MS2's reported observed time difference 9205/8)
–1150	(real time difference between S and N1 assumed by the network)
+      2.5    	(the network's estimated one-way latency between MS2 and N1 based on the TA=5)
        3.125	(The ideal value would be 3.26.)
The network estimates a distance between MS2 and S of 3.125/0.903 km = 3.46 km instead of 3.61 km.

Similarly, the network can estimate the distance between MS2 and N2:
  1149.375	(MS2's reported observed time difference 9195/8)
–1148.125	(real time difference between N2 and N1 assumed by the network)
+      2.5    	(the network's estimated one-way latency between MS2 and N1 based on the TA=5)
        3.75	(The ideal value would be 3.83.)
The network estimates a distance between MS2 and N2 of 3.75/0.903 km = 4.15 km instead of 4.24 km.

Since three timing values are combined to calculate the distance between MS2 and a neighbour cell of it and since each of the three values will have a small error in practice, the accuracy of the result will not be as high as with a dedicated TA measurement in each neighbour cell used for the multilateration. Moreover, the network's assumption about the real time differences between the cells is already based on a combination of input values which are not exact. Hence the error of the distances estimated by observed time differences is higher than with TA measurements. However, no connections between MS2 and its neighbour cells are needed in this example to complete the trilateration – the TA in the serving cell and the reported observed time differences are sufficient.

The TA trilateration of MS1 and the report of the observed time differences to N1 and N2 do not provide any information about the time differences to N3. Now let us assume that the position of MS4 shall be determined and that MS4 reports observed time differences for N1 and N2. The TA of MS4 in its serving cell N3 and the observed time differences between N1, N2 and N3 may not suffice to determine MS4's position, depending on the sectorization. (The observed time difference between N1 and N2 will result in a curve in the x/y plane on which MS4's position can be assumed, and this curve may have two intersections with the TA based arc around N3.) However, just one additional TA measurement with N1 or N2 (whichever is in a lower coverage class) can resolve the ambiguity – the report of observed time differences can avoid that a third TA value needs to be measured.

ANNEX B: EXAMPLE WITH POSITIONING ACCURACY COMPARISON

A very simple configuration is
a MS at (0, 0),
its serving cell S at (0, 1000 m),
neighbour cell N1 at (-1500 m, 0) and
neighbour cell N2 at (2000 m, 0).y

N2
N1
MS
x
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     Figure 2: BTS and MS positions

In this particular configuration, the tangent of a circle around N1 through MS is vertical, and the same applies to a tangent of a circle around N2 through MS. Similarly, the tangent of a circle around S through MS is horizontal. Hence very close to the correct MS position, the estimate of the mobile station's y-position will only depend on its timing advance TAS in the serving cell, and the estimate of the mobile station's x-position will only depend on the estimated distances dN1 and dN2 to the neighbour cells N1 and N2, respectively:
y = 1000 m – c·TAS/2
x1 = -1500 m + dN1   based on the estimated distance to N1
x2 =  2000 m – dN2   based on the estimated distance to N2
x = (x1+x2)/2 = 250 m + (dN1–dN2)/2   arithmetic average of x1 and x2

The variance of y is the variance of a timing advance based distance estimation, i.e. c²(VM+VB)/4 (cf. section 3.1).

Trilateration based on TA measurements with S, N1 and N2

If the MS position is estimated based on three TA measurements, the errors will be independent because the MS synchronizes to three different base stations and three different base stations estimate the TA. For the variance of x, there are two error contributions due to the two neighbour cells, but the factor of ½ in the arithmetic average becomes ¼ for the variance, hence the variance of x is
¼(c²(VM+VB)/4 + c²(VM+VB)/4) = c²(VM+VB)/8. Thus the sum of the variances of x and y, corresponding to the average square of the position estimation error, is 0.375c²(VM+VB).

Trilateration based on a TA measurement with S and OTD reports for N1 and N2

To derive from the mobile station's OTD reports its distances dN1 and dN2, the following equations will be used where (contrary to the use of the apostrophe in the corresponding equation of section 3.3) the apostrophe marks variables belonging to the RTD calculations based on an earlier positioning in the same area using TA measurements:

dN1/c = tM,N1 – tM,S – tM',N1 + tM',S + TAN1'/2 – TAS'/2 + TAS/2
dN2/c = tM,N2 – tM,S – tM',N2 + tM',S + TAN2'/2 – TAS'/2 + TAS/2

dN1/c – dN2/c = tM,N1 – tM,N2 – tM',N1 + tM',N2 + TAN1'/2 – TAN2'/2
To determine the variance of this expression, the variables on the right hand side of the equation are listed with their corresponding error terms:

Variable	Error term
tM,N1	ΔtM,N1
-tM,N2	-ΔtM,N2
-tM',N1	-ΔtM',N1
tM',N2	ΔtM',N2
TAN1'/2	0.5ΔtM',N1+0.5ΔtB,N1'
-TAN2'/2	-0.5ΔtM',N2–0.5ΔtB,N2'

The sum of the error terms (taking the correlations between errors in OTD and TA measurements into account) is  ΔtM,N1 – ΔtM,N2 – 0.5ΔtM',N1 + 0.5ΔtB,N1' + 0.5ΔtM',N2 – 0.5ΔtB,N2' , and the variances, placed below the corresponding error terms, are
                     VM    +  VM    +  0.25VM   +   0.25VB   +   0.25VM  +   0.25VB   = 2.5VM + 0.5VB .
The variance of (dN1-dN2)/c must be multiplied with c²/4 to obtain the variance of x = 250 m + (dN1–dN2)/2. Hence the variance of x is c²/4(2.5VM+0.5VB) = c²(0.625VM+0.125VB). The base stations' contribution to the variance of x is the same as in the case of three TA measurements, but the mobile stations' contribution is 5 times as large.

The total variance of x and y is c²(0.625VM+0.125VB) + c²(VM+VB)/4 = c²(0.875VM + 0.375VB) . If VM=VB, the total variance is 1.25c²VM compared with 0.75c²VM in the case of three TA measurements. This means that the standard deviation is in this example of one TA measurement and two OTD measurements 29 % larger than in the case of three TA measurements.
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