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1. Introduction
Practical implementation of UEs operating in mmW bands generally rely on a steered beam generated by multiple UE-resident antenna systems. Some important parameters for these UEs are TRP, spatial coverage of its beam, and uniformity of its EIRP, as a function of direction.  The Antenna CDF (‘CDF’) as defined in [1] quantifies this spatial coverage and uniformity. In principle, the CDF is the cumulative distribution function of EIRP values sampled at grid points that are uniformly distributed over a sphere centered at the UE. Document TR38.803 recommends a couple of spherical surface grids.
2. Discussion

Choice of sampling grid on surface of ‘test sphere’ around UE is important because it can reduce measurement uncertainty, and drive test/simulation complexity. Measurement uncertainty is introduced when the grid is not exactly uniform. A uniform grid in this context is one whose points represent equal areas on the surface of the test sphere.
A systematically non-uniform grid as proposed in TR38.803 (‘Full-sphere uniform sampling grid’) can also be used to sample the radiated power, but data needs to be post-processed using sine-weighting to counteract non-uniformity. The disadvantage of this method is longer test or simulation time for a given spatial resolution, due to some data redundancy at polar regions of grid.
In this discussion, we evaluate some common grids. To score them for suitability to spatial measurement around an antenna, we need to first introduce some concepts followed by objective metrics. 

2.1. Evaluating Grids
2.1.1. Concept: Voronoi Regions

Each grid point is associated with a unique Voronoi region. Any point inside a Voronoi region is closer to that region’s own grid point than any other. Figure 2.1.1 illustrates this concept for planar 2D surface. In general, they take the shape of polygons. For a uniformly ABAB-gridded planar 2D surface, the polygons are regular hexagons. We can generalize this concept for gridding the surface of the sphere, even though it is not planar, provided grid density is sufficiently high.
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Figure 2.1.1:  Voronoi Regions Associated with Random Grid Points

2.1.2. Grid Metrics and Criteria
Candidate grids can be scored on the following 2 metrics:

· Uniformity of normalized areas of Voronoi Polygons: In an ideal grid, the entire gridded surface (i.e surface of our test sphere) would contain equal area Voronoi hexagons of area 4**R2/N, where N is the number of unique sample points. In a practical grid, we evaluate the distribution of normalized areas of the actual Voronoi polygons. The area of the ideal Voronoi hexagon serves as the normalizing factor.

· Regularity of Voronoi Polygons: In an ideal grid, each grid point would be equidistant from its neighbors, yielding regular hexagons for Voronoi regions. In a practical grid, the polygons may become irregular and consist of a different number of vertices. To determine deviation from the ideal, we evaluate for each polygon, the ratio of the perimeter squared to its area, and normalize it to the same ratio for an ideal grid polygon. The ideal grid would have a delta function located at 1, for a probability distribution.

The grids are need to be evaluated on some subjective criteria:

· How regular are the polygons? Pentagons, Squares, Triangles and skinny Rectangles tend to move the metric progressively higher, while higher order regular polygons tend to move the metric lower.
· How are the grid points located? Is there a simple pattern that is easy to implement with test equipment, which usually have spherical coordinate system based positioning?
· How does the grid get affected by finite positioning resolution?
2.2. Grid Candidates
A summary comparison is presented below, with detail in later sub-sections. Entries in red highlight potential problem areas. Statistics are presented for various grids assuming a 0.5degree positioner resolution. 
	Grid Type
	Voronoi Region Area 
[Std Dev.] 
	Regularity Metric 
Average [Std Dev.]
	Grid Scalability
	Pattern, Relative to Elevation-Azimuth Test Equipment.

	HEALPix
	[2.1%]
	1.04 [3.7%]
	Coarse, N=12P2, where P is any integer
	Points arranged on latitudes, easy to cover with step and repeat swept measurements

	Fibonacci
	[1.7%]
	1.02 [2.4%]
	Fine, possible for any odd N 
	No easy pattern in spherical coordinate system

	Const. Area Mapping of TR38.803
	[14.2%]
	1.08 [18.2%]
	Good Resolution
	No easy pattern in spherical coordinate system

	Full Sphere ‘Uniform’ Grid, TR38.803 (sine weighted)
	[14.6%]
	1.32 [19.4%]
	Good Resolution
	Points arranged on latitudes, easy to cover with step and repeat swept measurements. Redundant data being collected.

	Icosahedral
	[7.3%]
	1.00 [1.7%]
	Coarse, factor of 4
	No easy pattern in spherical coordinate system

	Minimum energy
	[2.4%]
	1.00 [1.2%]
	Good Resolution
	No easy pattern in spherical coordinate system

	Test Vendor Developed
	[7.0%]
	1.19 [23.7%]
	Good Resolution
	Points arranged on latitudes, easy to cover with step and repeat swept measurements


The primary consideration is the distribution of Voronoi region areas. A good grid has tightly clustered areas. A secondary consideration is shape of these regions. A tightly clustered regularity metric implies that the voronoi regions are of similar shape. When this cluster is close to the value 1, it implies that the sphere surface is divided up into shapes that are close to the idealized hexagonal voronoi regions.

Another important consideration is arrangement of grid points. While some grids score well on objective metrics, their grid points are not located along lines of constant elevation (iso-latitude). This characteristic has implications in optimal test equipment design and implementation. Today most equipment positioning systems are of azimuth-elevation variety. These types of mechanisms will need re-positioning in both axes when transitioning between neighbor grid points.

The HEALPix grid appears best suited for antenna measurement, provided its discrete grid sizes (48, 108, 192, 300, 432, 588, 768, 972, 1200 etc) do not pose a significant problem. It offers good grid statistics, good robustness to finite positioner accuracy and iso-latitude arrangement of grid points. 

The HEALPix grid is described in detail in [2]. A Java implementation of the HEALPix grid generator is available from [3]. A MATLAB® routine is also available [4] that greatly simplifies generation of this grid in required density. The routine requires a single argument ‘P’ (P is an integer) as an input, and it generates ‘N’ grid point coordinates (N=12*P2) in cartesian (x,y,z) format which represent equal density up to the accuracy stated in the table 1. 

Analysis over any subset of the spherical test surface, for example, between the tropics, can be performed by simply post-processing the grid list to select desired points.

In either case, partial or full sphere, the CDF can be drawn directly using the points of the chosen grid. If data was collected over some other testpoint grid, the data needs to be re-sampled at the grid points of the chosen grid, prior to calculation of CDF or TRP. 

2.2.1. HEALPix Grid
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	0.7
	1.035
	3.7

	0.1
	0.9
	1.035
	3.7

	0.5
	2.1
	1.035
	3.7

	1.0
	5.3
	1.034
	3.5


2.2.2. Fibonacci Grid
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	0.7
	1.021
	2.4

	0.1
	0.7
	1.021
	2.4

	0.5
	1.7
	1.022
	2.4

	1.0
	4.1
	1.022
	2.4


2.2.3. Constant Area Mapping in TR38.803 (UV-mapping)
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	14.7
	1.080
	20.1

	0.1
	15.1
	1.081
	19.8

	0.5
	14.2
	1.077
	18.2

	1.0
	15.6
	1.079
	19.5


2.2.4. Full Sphere Uniform Grid of TR38.803 
This grid is not inherently uniform, but standard recommends weighting to counteract systematic clustering. Statistics presented below by taking into account this weighting.
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	14.6
	1.319
	19.4

	0.1
	14.6
	1.319
	19.4

	0.5
	14.6
	1.319
	19.4

	1.0
	14.6
	1.319
	19.4


2.2.5. Icosahedral Grids
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	7
	1.000
	1.7

	0.1
	7.1
	1.000
	1.7

	0.5
	7.3
	1.000
	1.7

	1.0
	8.1
	1.001
	1.8


2.2.6. Minimum Energy Grid
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	1.7
	1.000
	1.2

	0.1
	1.8
	1.000
	1.2

	0.5
	2.4
	1.000
	1.2

	1.0
	3.6
	1.002
	1.4


2.2.7. Test Equipment Vendor Developed Grid
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	Positioner Resolution (deg)
	Area Metric SD (%)
	Regularity Metric Mean
	Regularity Metric SD (%)

	Infinitesimal
	6.5
	1.192
	23.6

	0.1
	6.5
	1.191
	23.6

	0.5
	7.0
	1.192
	23.7

	1.0
	8.1
	1.193
	23.9


3. Conclusion
This grid study may help standardize on spherical surface grid type, based on various grid characteristics and properties as they relate to antenna measurement. We concluded that HEALPix represents the best overall selection for the grid and tools to generate it are available publicly. 
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