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Introduction
This contribution is reviewing some TRP measurement grid analyses and simulation assumption which were found to correspond to some differences in the minimum number of grid points for various TRP grids. 
Constant Step-Size Grid Correction of Statistics
When investigating the constant step-size TRP measurement grid standard deviations, an error with the classical TRP integration approach using the sin( weights was discovered which was previously captured in [1][2]. The updated and corrected statistics are outlined in Table 1.

Table 1: Updated Constant Step-Size Statistics for the classical TRP integration approach with sin( weights
	Number of 
	Mean Error [dB]
	STD [dB]
	Integration Approach
	Comment

	Latitudes
	Longitudes
	
	
	
	

	13
	24
	-0.03
	0.12
	Using sin(theta) weights
	15o step size

	19
	36
	-0.01
	0.04
	Using sin(theta) weights
	10o step size


A mean error of 0.34dB instead of -0.03dB for the 15o step-size grid was previously reported [1] [2].
Proposal 1: Revise the previous agreement of the mean error for the constant step size TRP measurement grids with the sin(theta) weights
Reference Antenna Pattern Rotations

It was found that the different assumptions in terms of the 10,000 antenna pattern rotations could yield different statistical results. As the details of the rotations were never clarified, this paper reviews some possible assumptions and suggests the most suitable approaches for simulation assumptions going forward.
The reference/baseline antenna pattern is shown in Figure 1
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Figure 1: Reference 8x2 Antenna Pattern

In Figure 2, three rotations are outlined that can be performed for the simulation analyses, i.e., the antenna pattern can be rotated in  and  but also along its beam peak axis. Here, it is proposed that all three rotations are taken into account for the statistical analyses. 
Proposal 2: Perform rotations in  and  together with rotations around the beam peak. 
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Figure 2: Sample Rotations of 8x2 antenna pattern, a) 45o in , b) 45o in (instead of 90o as shown in Figure 1), c) rotation of 45o along the beam peak axis (angle )
The randomization of the various rotations could be implemented various ways. The rotations in  and  can be handled in a completely random fashion, e.g., phi_rot = 360*rand(10000,1), with a typical histogram of the random distribution of these angles shown in Figure 3.
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Figure 3: Histogram of random distribution of  and  rotations
Two different approaches to randomize the rotation in  are illustrated in Figure 4. For the uniform distribution approach on the top, the number of rotations near the poles compared to the equator are the same since the surface area near the poles is much smaller than around the equator. For the approach shown on the bottom, this sin() weighting is not taken into account. 
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Figure 4: Randomization of angle  (uniformly samples over the sphere on top; no sin() weighting on the bottom)
The difference between the two randomizations of angle  is further illustrated in Figure 5. Clearly, the randomization with sin() weighting provides (shown on the left) a more uniform coverage while the poles are oversampled without the sin() weighting.
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Figure 5: Illustration of randomizations. Left: randomization of angle  with sin() weighting, right: without sin() weighting
Here, it is proposed to select the randomization approach of  that takes uniform  rotations on the sphere into account. 

Proposal 3: Select randomization of rotations in  with uniform distribution on the sphere (taking sin() weighting into account) 
Simulation Results
The results for four different quadrature approaches [3]

 REF _Ref527096916 \r \h 
[4]

 REF _Ref527096917 \r \h 
[5] using constant step-size measurement grids are summarized in Table 2. It should be noted that the Gauss-Legendre quadrature is not included here since samples/weights require a non-constant step size in  [3].  The table include some of the options discussed earlier, i.e., with and without random rotations around the beam peak and the two different  randomization approaches. 
Table 2: Statistics of quadrature approaches for constant step size measurement grids for the 8x2 reference antenna array.
	Number of 
	Mean Error [dB]
	STD [dB]
	Min. normalized TRP [dB]
	Max. normalized TRP [dB]
	Rotation around beam peak
	 Rotation Randomization
	Integration Approach
	Comment

	Latitudes
	Longitudes
	
	
	
	
	
	
	
	

	13
	24
	-0.03
	0.13
	-0.96
	0.21
	yes
	sin() weighting
	sin(theta) weights
	15o step size

	
	
	0.00
	0.06
	-0.23
	0.21
	
	
	Clenshaw-Curtis weights
	

	
	
	0.00
	0.22
	-0.96
	0.74
	
	
	Jacobian integration
	

	
	
	0.00
	0.07
	-0.24
	0.25
	
	
	Spherical Integration
	

	13
	24
	-0.10
	0.26
	-0.96
	0.21
	yes
	No sin() weighting
	sin(theta) weights
	15o step size

	
	
	-0.01
	0.08
	-0.22
	0.21
	
	
	Clenshaw-Curtis weights
	

	
	
	0.04
	0.21
	-0.98
	0.72
	
	
	Jacobian integration
	

	
	
	0.02
	0.08
	-0.24
	0.25
	
	
	Spherical Integration
	

	13
	24
	-0.13
	0.22
	-0.96
	0.10
	no
	sin() weighting
	sin(theta) weights
	15o step size

	
	
	-0.03
	0.06
	-0.19
	0.10
	
	
	Clenshaw-Curtis weights
	

	
	
	0.02
	0.09
	-0.13
	0.31
	
	
	Jacobian integration
	

	
	
	-0.01
	0.04
	-0.12
	0.09
	
	
	Spherical Integration
	

	13
	24
	-0.29
	0.34
	-0.97
	0.10
	no
	No sin() weighting
	sin(theta) weights
	15o step size

	
	
	-0.06
	0.07
	-0.19
	0.10
	
	
	Clenshaw-Curtis weights
	

	
	
	0.07
	0.11
	-0.13
	0.32
	
	
	Jacobian integration
	

	
	
	0.00
	0.04
	-0.12
	0.09
	
	
	Spherical Integration
	

	12
	19
	-0.03
	0.25
	-1.18
	0.78
	yes
	sin() weighting
	sin(theta) weights
	=16.36o & =18.95o

	
	
	-0.01
	0.20
	-0.93
	0.76
	
	
	Clenshaw-Curtis weights
	

	
	
	-0.01
	0.27
	-0.99
	0.91
	
	
	Jacobian integration
	

	
	
	-0.01
	0.21
	-0.97
	0.73
	
	
	Spherical Integration
	


Observation 1: the more  rotations around the poles are included in the analysis, the worse the standard deviation for the sin() quadrature
Observation 2: when taking the rotations around the beam peak into account, the standard deviations of the sin() quadrature improves while the standard deviations of the Jacobian integration approach degrades.
Observation 3: the Clenshaw Curtis and spherical integration quadrature approaches show consistent performance regardless of which  rotation approach is used or whether the taking rotations around the beam peak into account.  
Observation 4: The Clenshaw Curtis and spherical integration quadrature outperform the sin(), Jacobian integration, approaches in terms of mean error, standard deviation, and the spread between min and max normalized TRPs. 
Observation 5: With the Clenshaw Curtis and spherical integration quadrature, a measurement grid with 12 latitudes and 19 longitudes is sufficient to meet the maximum standard deviation of 0.25dB.
In order to determine whether the approaches perform similar for other less directive antenna arrays, the same analyses were made for a 4x2 antenna array with results tabulated in Table 3.
Table 3: Statistics of quadrature approaches for constant step size measurement grids for the 4x2 reference antenna array
	Number of 
	Mean Error [dB]
	STD [dB]
	Min. normalized TRP [dB]
	Max. normalized TRP [dB]
	Rotation around beam peak
	 Rotation Randomization
	Integration Approach
	Comment

	Latitudes
	Longitudes
	
	
	
	
	
	
	
	

	13
	24
	-0.02
	0.05
	-0.31
	0.01
	yes
	sin() weighting
	sin(theta) weights
	15o step size

	
	
	0.00
	0.00
	-0.01
	0.01
	
	
	Clenshaw-Curtis weights
	

	
	
	0.00
	0.04
	-0.04
	0.22
	
	
	Jacobian integration
	

	
	
	0.00
	0.02
	-0.03
	0.11
	
	
	Spherical Integration
	

	13
	24
	-0.07
	0.10
	-0.31
	0.01
	yes
	No sin() weighting
	sin(theta) weights
	15o step size

	
	
	0.00
	0.00
	-0.01
	0.01
	
	
	Clenshaw-Curtis weights
	

	
	
	0.03
	0.08
	-0.04
	0.22
	
	
	Jacobian integration
	

	
	
	0.02
	0.04
	-0.03
	0.11
	
	
	Spherical Integration
	

	13
	24
	-0.04
	0.07
	-0.31
	0.01
	no
	sin() weighting
	sin(theta) weights
	15o step size

	
	
	0.00
	0.01
	-0.02
	0.01
	
	
	Clenshaw-Curtis weights
	

	
	
	0.02
	0.06
	-0.03
	0.22
	
	
	Jacobian integration
	

	
	
	0.01
	0.03
	-0.03
	0.11
	
	
	Spherical Integration
	

	13
	24
	-0.10
	0.11
	-0.31
	0.01
	no
	No sin() weighting
	sin(theta) weights
	15o step size

	
	
	0.00
	0.00
	-0.02
	0.01
	
	
	Clenshaw-Curtis weights
	

	
	
	0.05
	0.08
	-0.03
	0.22
	
	
	Jacobian integration
	

	
	
	0.03
	0.04
	-0.03
	0.11
	
	
	Spherical Integration
	

	12
	19
	-0.03
	0.07
	-0.38
	0.02
	yes
	sin() weighting
	sin(theta) weights
	=16.36o & =18.95o

	
	
	0.00
	0.00
	-0.03
	0.02
	
	
	Clenshaw-Curtis weights
	

	
	
	0.00
	0.07
	-0.17
	0.26
	
	
	Jacobian integration
	

	
	
	0.00
	0.03
	-0.04
	0.13
	
	
	Spherical Integration
	


Observation 6: The Clenshaw Curtis quadrature outperforms the sin(), Jacobian integration, and spherical integration approach in terms of mean error, standard deviation, and the spread between min and max normalized TRP for the 4x2 antenna array. 
The results for two different constant-density grid implementations (charged particle and golden spiral) are summarized in Table 4 for the 8x2 reference antenna pattern. 
Table 4: Statistics for constant density measurement grid types for the 8x2 reference antenna array
	Number of Grid Points
	Mean Error [dB]
	STD [dB]
	Min. normalized TRP [dB]
	Max. normalized TRP [dB]
	Rotation around beam peak
	 Rotation Randomization
	Implementation

	130
	-0.01
	0.27
	-1.07
	0.85
	yes
	sin() weighting
	Charged Particle

	130
	-0.02
	0.37
	-1.82
	1.31
	
	
	Golden Spiral

	135
	-0.01
	0.23
	-0.90
	0.89
	
	
	Charged Particle

	135
	-0.02
	0.33
	-1.64
	1.27
	
	
	Golden Spiral

	140
	0.00
	0.20
	-0.76
	0.65
	
	
	Charged Particle

	140
	-0.01
	0.30
	-1.45
	1.23
	
	
	Golden Spiral

	145
	0.00
	0.18
	-0.65
	0.56
	
	
	Charged Particle

	145
	-0.01
	0.27
	-1.32
	1.20
	
	
	Golden Spiral

	150
	0.00
	0.15
	-0.59
	0.55
	
	
	Charged Particle

	150
	-0.01
	0.25
	-1.15
	1.02
	
	
	Golden Spiral

	155
	0.00
	0.12
	-0.45
	0.53
	
	
	Charged Particle

	155
	0.00
	0.22
	-0.99
	0.93
	
	
	Golden Spiral

	160
	0.00
	0.10
	-0.42
	0.41
	
	
	Charged Particle

	160
	0.00
	0.20
	-0.82
	0.95
	
	
	Golden Spiral

	165
	0.00
	0.09
	-0.32
	0.32
	
	
	Charged Particle

	165
	-0.01
	0.18
	-0.70
	1.00
	
	
	Golden Spiral

	170
	0.00
	0.08
	-0.30
	0.31
	
	
	Charged Particle

	170
	0.00
	0.17
	-0.67
	0.96
	
	
	Golden Spiral

	175
	0.00
	0.06
	-0.24
	0.25
	
	
	Charged Particle

	175
	0.00
	0.16
	-0.56
	0.91
	
	
	Golden Spiral

	130
	-0.01
	0.27
	-1.01
	0.81
	yes
	No sin() weighting
	Charged Particle

	130
	0.07
	0.43
	-1.83
	1.36
	
	
	Golden Spiral

	135
	-0.01
	0.23
	-0.90
	0.78
	
	
	Charged Particle

	135
	0.06
	0.39
	-1.69
	1.32
	
	
	Golden Spiral

	140
	-0.01
	0.20
	-0.69
	0.63
	
	
	Charged Particle

	140
	0.06
	0.37
	-1.48
	1.26
	
	
	Golden Spiral

	145
	0.00
	0.18
	-0.64
	0.56
	
	
	Charged Particle

	145
	0.07
	0.34
	-1.29
	1.24
	
	
	Golden Spiral

	150
	0.00
	0.15
	-0.61
	0.57
	
	
	Charged Particle

	150
	0.06
	0.31
	-1.13
	1.08
	
	
	Golden Spiral

	155
	0.00
	0.13
	-0.52
	0.51
	
	
	Charged Particle

	155
	0.06
	0.29
	-0.94
	1.00
	
	
	Golden Spiral

	160
	0.00
	0.11
	-0.39
	0.48
	
	
	Charged Particle

	160
	0.06
	0.27
	-0.84
	1.00
	
	
	Golden Spiral

	165
	0.00
	0.09
	-0.32
	0.37
	
	
	Charged Particle

	165
	0.06
	0.26
	-0.68
	1.03
	
	
	Golden Spiral

	170
	0.00
	0.08
	-0.27
	0.30
	
	
	Charged Particle

	170
	0.06
	0.25
	-0.70
	0.99
	
	
	Golden Spiral

	175
	0.00
	0.06
	-0.23
	0.24
	
	
	Charged Particle

	175
	0.06
	0.24
	-0.56
	0.91
	
	
	Golden Spiral

	130
	-0.03
	0.28
	-0.86
	0.82
	no
	sin() weighting
	Charged Particle

	130
	0.09
	0.26
	-0.43
	1.33
	
	
	Golden Spiral

	135
	-0.01
	0.21
	-0.72
	0.62
	
	
	Charged Particle

	135
	0.09
	0.24
	-0.32
	1.27
	
	
	Golden Spiral

	140
	-0.01
	0.20
	-0.72
	0.67
	
	
	Charged Particle

	140
	0.08
	0.23
	-0.40
	1.21
	
	
	Golden Spiral

	145
	0.00
	0.18
	-0.55
	0.48
	
	
	Charged Particle

	145
	0.08
	0.22
	-0.32
	1.18
	
	
	Golden Spiral

	150
	-0.01
	0.17
	-0.57
	0.60
	
	
	Charged Particle

	150
	0.08
	0.21
	-0.25
	1.08
	
	
	Golden Spiral

	155
	0.01
	0.12
	-0.37
	0.35
	
	
	Charged Particle

	155
	0.07
	0.20
	-0.21
	0.95
	
	
	Golden Spiral

	160
	0.00
	0.09
	-0.32
	0.36
	
	
	Charged Particle

	160
	0.07
	0.19
	-0.20
	0.96
	
	
	Golden Spiral

	165
	0.01
	0.08
	-0.23
	0.26
	
	
	Charged Particle

	165
	0.07
	0.18
	-0.19
	1.01
	
	
	Golden Spiral

	170
	-0.01
	0.07
	-0.23
	0.23
	
	
	Charged Particle

	170
	0.07
	0.18
	-0.27
	0.96
	
	
	Golden Spiral

	175
	0.00
	0.06
	-0.21
	0.21
	
	
	Charged Particle

	175
	0.07
	0.17
	-0.19
	0.84
	
	
	Golden Spiral

	130
	-0.05
	0.28
	-0.86
	0.82
	no
	No sin() weighting
	Charged Particle

	130
	0.22
	0.36
	-0.43
	1.34
	
	
	Golden Spiral

	135
	-0.02
	0.20
	-0.71
	0.62
	
	
	Charged Particle

	135
	0.22
	0.34
	-0.32
	1.28
	
	
	Golden Spiral

	140
	-0.02
	0.21
	-0.72
	0.66
	
	
	Charged Particle

	140
	0.21
	0.33
	-0.40
	1.22
	
	
	Golden Spiral

	145
	0.00
	0.17
	-0.54
	0.46
	
	
	Charged Particle

	145
	0.20
	0.31
	-0.32
	1.18
	
	
	Golden Spiral

	150
	-0.03
	0.16
	-0.57
	0.60
	
	
	Charged Particle

	150
	0.20
	0.30
	-0.25
	1.08
	
	
	Golden Spiral

	155
	0.01
	0.12
	-0.37
	0.36
	
	
	Charged Particle

	155
	0.19
	0.28
	-0.21
	0.96
	
	
	Golden Spiral

	160
	0.01
	0.10
	-0.32
	0.36
	
	
	Charged Particle

	160
	0.19
	0.27
	-0.20
	0.96
	
	
	Golden Spiral

	165
	0.02
	0.09
	-0.23
	0.27
	
	
	Charged Particle

	165
	0.18
	0.27
	-0.19
	1.03
	
	
	Golden Spiral

	170
	-0.01
	0.07
	-0.23
	0.23
	
	
	Charged Particle

	170
	0.18
	0.26
	-0.27
	0.97
	
	
	Golden Spiral

	175
	0.01
	0.07
	-0.20
	0.22
	
	
	Charged Particle

	175
	0.17
	0.25
	-0.19
	0.84
	
	
	Golden Spiral


Observation 7: The Charged particle constant density grid implementation outperforms the Golden Spiral implementation in terms of standard deviation for a fixed number of grid points. 

Observation 8: Based on the proposed assumptions, the Charged Particle implementation requires a minimum number of 135 points and the Golden Spiral requires a minimum number of 150 points 
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