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1. Summary
During the last RAN4 meetings, considerable progress has been made for reaching a decision on MIMO OTA harmonization across four different test methods: RC, RC+CE, RTS and MPAC.

Some of the discussions were centred on how to statistically compare sets of data and on the formulation to decide over harmonization and its cost.
This document presents a statistical study of procedures and formulas for the MIMO OTA harmonization study across methods using statistical scientific references of recognized value.
This document has been made in co-operation with EMITE, a manufacturer of MIMO OTA Test Equipment, and Félix Belzunce [1], Professor of Statistical Theory at the University of Murcia, in Spain.
2. Mixtures

2.1 ADTF reference correctness
The cross-method comparison uses ADTF as a reference for each method, estimating deviations of the method’s OTA results to the reference conducted ADTF results and using those differences to derive additional uncertainty terms in the harmonization formula. While the principle is statistically correct, one can also see from the data that the observations in all methods are not observed on both sides of the reference, which is to be expected. Out of the four methods studied (RC, RC+CE, RTS and MPAC), the case of RC+CE is particularly important, as OTA deviations to ADTF references are always clearly on one side.

The deviations only on one side of a theoretical model is a significative evidence against the proposed theoretical model, and therefore should not be considered in any statistical analysis which claims to be correct. The reason is based on the following probabilistic argument.

If we consider sample means of different sets of observations, under the central limit theorem we can consider that the underlying distribution is normal, and therefore if we assume that the model predicts the mean value, we can conclude that the probability for a number of k observations of the mean values to be only on one side of the theoretical model is [2]:
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If we recall this probability for several values of k, we get:
	K
	5
	10
	15
	20
	25

	0.5k
	0.003125
	0.000976
	0.00003051
	0.0000007
	0.00000002


Therefore the probability of such situation is near to zero and the assumption on the validity of the model should be rejected. We strongly recommend to review the ADTF theoretical model for RC+CE as it cannot be consider a valid model statistically speaking or used for a comparison to other models in which observations are normally encountered on both sides of the theoretical model.

2.2 A mixture of two sets of observations – Harmonization formula
When we consider two sets of observations using two different methods, m1 and m2, and these two sets contain the same number of observations, we have a mixture of two equally distributed populations. In this case, the mean value of the mixture of the two sets is given by [3]:






(1)
where µm1  and µm2  are the mean values of the observations under methods m1 and m2,  respectively. Similarly, the standard deviation of a mixture of two sets with equal number of observations in which one set of observations is relocated through an offset can be computed as [3]:
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When more than two sets are mixed, then the general formula has to be computed as [3]
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When we compare the maximum deviation of two sets in which there is one set with a larger number of observations than the other set, however, it is well known [4] that the maximum deviation for the set with the greatest number of observations is always greater, statistically speaking, than the maximum deviation for the set of observations with the lowest number of observations. To compare the maximums, then the maximum for the set with the lowest number of observations has to be relocated by a quantity that we describe next.
Let us consider that we have a set of observations of size p and another one with q observations where p < q. Assuming normality, under the central limit theorem, and given that we have used an offset per band that it is intended to bring the difference of the mean values of the two methods on each pair close to zero, we can statistically conclude that the maximum deviation for the set with the lowest number of observations has to be relocated to [5]





(5)
where [5]





(6)
being F-1 the quantile function of a standard normal distribution. l(p,q) is an integral that has to be solved numerically [5]. The table below shows a tabulated l(p,q)
	p

q
	q+1
	q +2
	q+3
	q+4
	q+5
	q+6
	q+7

	2
	0.28
	0.47
	0.60
	0.70
	0.79
	0.86
	0.92

	3
	0.18
	0.37
	0.42
	0.51
	0.58
	0.64
	0.69

	4
	0.13
	0.24
	0.32
	0.39
	0.46
	0.51
	0.56

	5
	0.10
	0.19
	0.26
	0.32
	0.38
	0.42
	0.47

	6
	0.09
	0.16
	0.22
	0.27
	0.32
	0.36
	0.40

	7
	0.07
	0.13
	0.19
	0.23
	0.28
	0.32
	0.35

	8
	0.06
	0.12
	0.16
	0.21
	0.24
	0.28
	0.31

	9
	0.05
	0.10
	0.14
	0.18
	0.22
	0.25
	0.28

	10
	0.05
	0.09
	0.13
	0.17
	0.20
	0.23
	0.26


	p

q
	q+8
	q +9
	q+10
	q+11
	q+12
	q+13
	q+14

	2
	0.97
	1.02
	1.07
	1.10
	1.14
	1.17
	1.20

	3
	0.74
	0.78
	0.82
	0.86
	0.89
	0.92
	0.95

	4
	0.60
	0.64
	0.67
	0.71
	0.74
	0.76
	0.79

	5
	0.51
	0.54
	0.57
	0.60
	0.63
	0.66
	0.68

	6
	0.44
	0.47
	0.50
	0.53
	0.55
	0.58
	0.60

	7
	0.38
	0.41
	0.44
	0.47
	0.49
	0.52
	0.54

	8
	0.34
	0.37
	0.40
	0.42
	0.44
	0.47
	0.49

	9
	0.31
	0.34
	0.36
	0.38
	0.40
	0.42
	0.44

	10
	0.28
	0.31
	0.33
	0.35
	0.37
	0.39
	0.41


For the 3GPP MIMO OTA harmonization study, we can observe that the methods RC, RC+CE and MPAC for Band 13 contain 5 observations (devices providing a final averaged result). In contrast, the method RTS contains 4 observations. Since the harmonization analysis is made per band, this implies that the maximum deviation (σm3) in the harmonization equation obtained when the RTS method is included in the comparison has to be increased by 0.13 dB. Should the number of observations change, then the table above has to be used to find the correct value to be added to the maximum deviation of the mixture.
Given the mixture distribution of two sets of observations, if we now want to calculate the new interval at which 95% of the observations are included, the maximum uncertainty of the mixture, we shall use the formula [6]







(7)
where depending on the number of observations across methods either eqn.(3) or (5) has to be used when calculating each method maximum deviation. When more than two sets are mixed, then the general formula for the maximum uncertainty has to be computed as [3]
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(7)
When the mean differences across methods is not zero, the maximum difference for the methods being compared has to be added to the MU as it separates each method MU in the mixture. This is graphically explained in the figure below.
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Two sets of observations corresponding to two specific implementations of two different test methods with different means and standard deviations.
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An offset per band is used to align the two sets so as to minimize residuals, which will get means aligned.
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Mixture distribution, with well formulated mixture mean and standard deviation, and residuals are not modified, but have to be within MU.

3. Proposals
The group has not yet addressed how to take a decision on the harmonization outcome. This document outlines a metric to assist in this decision and provides proposals for the overall harmonization outcome.

3.1 Cost of harmonization

In order to understand if the harmonization will yield a significant addition to the measurement uncertainty compared to the case without harmonization, it is important to understand the values to be compared. There are two scenarios to study:

1. Harmonization successful and all methods are used for conformance testing

2. Methods do not harmonize and thus one method only is used for conformance testing
The table in [7] includes the MU expected due to harmonization (1.) as the “h” term. This is a summation of the different terms method MU (m), residual error (r), ADTF error (x) and the additional bias according to [7]:

h = r + m + x + b





(8)
Let’s analyse the different terms in the equation of h.

· r is the residual error 

· m is a method uncertainty

· x is an additional term due to ADTF accuracy

· b is the additional bias

Considering section 2.2, if we consider for a moment that only one method is selected, the observations of r when testing in different implementations of that method shall provide values not larger than the method uncertainty, that is, r ( MUm1. In this single-method situation, the definition of the method uncertainty by itself allows r values within the method MU, but these deviations are not added to the method MU. The same situation applies to a mixture. The observations of r in a mixture of methods m1 and m2 shall be used for verification that those residuals are not larger than the mixture uncertainty, that is, r ( MUm1-2, but shall not be added to the mixture uncertainty MUm1-2. Shall the observations of r reveal values larger than the mixture uncertainty MUm1-2, then one or both of the method’s uncertainties have not been correctly estimated. This is easily translated to a mixture of three or more methods. In summary, r is not correctly used in eqn. (1).
The additional ADTF error “x”, also needs some further analysis. This term cannot be considered a unique harmonization uncertainty, since it is supposed to give an indication of how well the test chamber emulates the channel model and thus rather relates to a test setup uncertainty. This is also obvious by looking at the MU budgets for each methodology. All methodologies have an uncertainty item “Channel model implementation”, which is yet to be determined. Given that there is no estimation of this MU item, the ADTF error “x” is presently the closest approximation of this item. Furthermore, the validity of an ADTF model with one-side observations has been questioned in section 2, and an additional document [8] has proven that all method have a good ADTF accuracy. In summary, x is not correctly used in eqn. (1).
Using the notations in [1], it can thus be concluded that the cost of harmonization (c) for a mixture of methods can be determined using the following formula.

c = H

in which H is the Mixture Uncertainty
The Mixture Uncertainty has to be calculated following the statistics described in this document. Harmonization shall be considered successful when the harmonization cost is assumed reasonable. 
3.2 Harmonization Outcome

Based on the latest Harmonization Final Outcome table in [1] and the definition above for the cost of harmonization (c), the following summary is obtained.
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It is observed that, for most of the cases, residuals within the mixtures uncertainties are obtained. Larger residuals are however observed for option G and RC method. Given that the channel model implemented by the RC methodology is more similar to the UMi channel model, it makes sense to compare this method to the UMi/SDLC channel models only.

Given the following assumptions

1. RTS cannot be used for LTE TDD

2. RC with the NIST 80ns channel model can only be used for comparison to UMi or LCSD channel models.

the associated cost of harmonization then becomes
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These tables show a better alignment also for option G. However, choosing option C seems to minimize the uncertainty. All these results are traceable using the attached R4-161015R2.xls file.
4. Conclusions
This contribution provides a definition of the cost of harmonization, in order to facilitate a decision on the harmonization outcome. Based on the analysis above, the following proposals are to be considered by the group.

Proposal 1: Using the notation in [7] and the statistical analysis in this document, the cost of harmonization is defined as c = H, where H is the mixture uncertainty determined by statistical theory.
Proposal 2: All MIMO OTA 3GPP candidate methodologies (RC, RC+CE, RTS and MPAC) are considered harmonized, given two limitations:

· RTS cannot be used for LTE TDD
· RC with the NIST 80ns channel model can only be used for comparison to UMi or LCSD channel models

Proposal 3: A combination of Low Correlation channel models, UMi for MPAC and RTS, NIST 80ns for RC and LCSD for RC+CE, is selected for MIMO OTA compliance testing at 3GPP.

Proposal 4: Option C is chosen to minimize the mixture uncertainty for all four (4) harmonized methods (RC, RC+CE, RTS and MPAC).
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