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6.1.1
Theoretical background for 3rd order Passive InterModulation (PIM)
When non-linear relationship exists between current and voltage (or, conversely, between the electric and magnetic components of a propagating wave), harmonic frequencies and linear integral combinations of them will be generated. As an illustration, consider a component with a voltage-current relationship given by
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and let the current be of the form
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where i = 2
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fi and fi represents the frequency in Hertz. An interpretation of (1) is that
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is the result when a signal
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is applied to a network characterized by the 
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terms thus represent both the physical properties of the non-linearity and the circuit impedances in which the non-linearity is embedded.  Concentrating on the third-order term we find:
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(3)                                                                                                 
In this expression we notice the presence of the harmonics 31 and 32 as well as the sums and differences (2 ± 2) and (22 ± 1). These sums and differences are commonly referred to as third order intermodulation products. If the Taylor series is limited to 3rd order non-linearities (a1, a3 (0), it predicts only IM3 products with a ‘1 dB - 3 dB’ power relation. This means a 1 dB increase of carrier power results in a 3 dB increase of IM3 power.
However, the fifth, seventh, ninth and higher order terms also produce these same “third order” intermodulation frequencies. This can be proven mathematically by writing the higher order term as the product of two lower order terms. The expansion for the fifth order term is shown below: 
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(4)
Making use of the trigonometric identity,



[image: image12.wmf](

)

)

cos(

)

cos(

2

1

)

cos(

)

cos(

y

x

y

x

y

x

-

+

+

=

×

,
(5)
it is readily apparent which products in equation (4) produce distortion at a given frequency. For instance, for a non-linearity with a third and a fifth order term, the component at frequency (2ω1- ω2) is given by
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(6)

At small signal levels it is common practice to ignore the higher order coefficients. By simplifying the formula, i.e., by assuming that only a3 is non-zero, it is evident from equation (6) that the intermodulation power at frequency (2ω1- ω2) increases by 2 dB per dB with signal amplitude I1 and by 1 dB per dB with signal amplitude I2. However, at the high signal levels where passive intermodulation is problematic, this simplification is no longer valid. It is evident from equation (6) that when a5 and higher order coefficients are non-zero, the relation between signal and intermodulation power is quite complex and depends on all coefficients in the power series. This explains why the slope of the measured PIM power versus signal power curve deviates from the “theoretical” value and is different for each passive non-linearity. Papers have suggested use of hyperbolic tangent or arc-tangent functions with adapted coefficients to describe these effects, but have not provided additional insight.
Equation (6) also illustrates the problem of computing the relationship between PIM power for modulated signals versus CW signals. With modulated signals, the envelopes I1 and I2 are time-varying, statistical variables. With only a3 non-zero, the average power (amplitude-squared) of the intermodulation product at frequency (2ω1- ω2) is proportional to the fourth moment of I1 and the second moment of I2, where the n-th moment of I is defined as the average of In. Note that the second moment of the envelope equals the signal power. Thus, with only a3 non-zero, the power of the intermodulation product at frequency (2ω1- ω2) does not depend on the modulation of the signal at frequency ω2. However, when a5 and higher order coefficients are non-zero, higher order moments become relevant in the relation between modulation type and intermodulation power. For instance, for a non-linearity with up to fifth order terms, up to the eighth order moment of I1 and the sixth order moment of I2 are relevant at the given intermodulation frequency.

Although the frequency term cos(2ω1- ω2) in equation (6) does not depend on the order of the non-linearity, it should be noted that the envelopes I1 and I2 contribute their own modulation spectrum to the intermodulation product. Thus even the shape of the intermodulation product at a “third order” intermodulation frequency depends on the higher order non-linear coefficients.

The above analysis demonstrates that simulations of PIM power are of questionable value without accurate determination of the higher order coefficients of the non-linearity. An abstract intermodulation model could be substituted for the physical model suggested by (1), but the above analysis demonstrates that the generality of the model cannot be guaranteed. The analysis also demonstrates that there is no universally valid relationship between signal powers, signal modulations and PIM power.
Two possible approaches are recommended for any further empirical investigation:

1. Characterize several types of passive non-linearities over a wide range of CW powers and fit the non-linear coefficients in a simulation model to the measurements. Next, use these fitted coefficients in a simulation model with modulated signals.

2. Characterize several types of passive non-linearities with CW signals as well as with modulated signals.

The advantages of the first approach are that relatively accurate measurements can be performed with standardized measurement equipment and that the effect of modulation can be studied by simulation. The disadvantage is that it is difficult to judge the effect of estimation errors in the non-linear coefficients and of truncating the non-linearity power series. The advantage of the second approach is that it measures the conversion factor between modulated and CW signals directly.
However for practical approach it is helpful to start with a formula for the upper bound. 
In general, for the complete series expansion, all higher harmonics as well as their sums and differences, i.e. frequencies of the form
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would appear, where m and n are positive integers. These frequencies are referred to as intermodulation products of order (|m|+|n|). Thus, the spurious signals due to the third-order term are intermodulation products of order three. Equation (3) also demonstrates that, for equal amplitudes I1 and I2, the power of the third-order intermodulation signal will increase, at least theoretically, with the third power of the transmitted signal strength. Intermodulation products where |m-n|=1 have the potential to be particularly troublesome.
Third order intermodulation products are formed from the sum and difference frequencies. In this expression, we notice four intermodulation products with order three: 
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For the difference frequencies we have:

Amplitude of 
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For the sum frequencies we have:

Amplitude of 
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The second and the third terms above are the amplitude of the fundamental signals 
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 are both increased by 1 dB, the levels of all third order intermodulation products are increased by 3 dB.
However, if 
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increases by 1 dB while 
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6.1.2
Theoretical bound for higher order non-linearity 
Higher order non-linearity can be treated in a similar way as in chapter 6.1.1 equation 3.  

5th order non-linearity (a1, a5 (0, a3 =0) leads to IM3 and IM5 products. In this case both IM3 and IM5 follow a 1 dB - 5 dB relation. In the standard case with 3rd + 5th order coefficients, the power dependency of IM3 products is determined by the coherent superposition of both effects. Therefore deviations from the 1 dB - 3 dB relations in both directions are possible. In any case, at sufficiently small power levels 3rd order nonlinearity dominates the PIM results. Hyperbolic tangent or arc-tangent nonlinear functions with adapted coefficients are a possibility to approximate these effects.

6.1.3
Theoretical background for spread spectrum signals
In this chapter the influence of modulation of carriers on the PIM result is investigated. Spread spectrum carriers were simulated by a multi tone signal which is a good approximation for LTE and WCDMA for PIM calculation. Analytical calculations for 3rd and 5th order as well as MatLab simulations predict an increase of PIM compared to the two tone CW scenario. This ‘conversion factor’ depends on the shape of the nonlinearity curve. For 3rd order non-linearity the factor is exactly 3 dB for infinite number of sub tones. This means that if a 2 × 43 dBm CW scenario is replaced by a 2 × 43 dBm spread spectrum scenario the power integrated over the whole IM3 bandwidth (BW) is doubled. For the 3rd order nonlinearity, the IM3 bandwidth is three times higher than the carrier bandwidth. Simulation results are shown in Figure 6.2.3-1. For higher order nonlinearities, the IM3 bandwidth can extend even further.
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Figure 6.1.3-1: MatLab simulation: PIM of spread spectrum carrier for 3rd order non-linearity
As the own receiver is the PIM victim, it is more realistic to integrate PIM power over carrier bandwidth only. For this definition the theoretical 3rd order ‘conversion factor’ reduces to 1.8 dB.

The reason for increased PIM for spread spectrum carriers compared to CW Carriers is an increased PAR (peak to average ratio) of modulated signals. This leads to the rule that reductions in the ‘1 dB - 3 dB relation’ leads to a reduced ‘conversion factor’.  

6.2.
Measurements
This chapter shows measurement results for different intermodulation sources carried out by several companies. 

6.2.1
Measurement configuration

A typical experimental setup used for high sensitivity two tone CW measurements and WCDMA measurements is shown in figure 6.2.1-1. 
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Figure 6.2.1-1: Setup for two tone CW and spread spectrum measurements
6.2.2 Two tone measurement results 

Two tone constant wave (CW) measurements for different combinations of power levels of both carriers are reported in [3] The PIM source used was a standard PIM source (IM3 = -80 dBm at 2 × 43 dBm). Results are shown in figure 6.2.2.1 to 6.2.2.-3. The solid line represents a theoretical 3rd order calculation. As expected these curves matches very well to measured data for low carrier powers. At higher power levels (P1 + P2 > (33 dBm), measured PIM levels are smaller than the simple 3rd order theory predicts. This indicates, that the true ‘conversion factor’ for WCDMA will also be slightly lower than theory.
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Figure 6.2.2-1 





Figure 6.2.2-2 
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Figure 6.2.2-3 

Figure 6.2.2- 1 to 3: measured IM3 levels compared to 3rd order theory (solid line)
6.2.2-1 variation of power for both CW signals P1 = P2
6.2.2-2 variation of P1 only, P2 is fixed
6.2.2-3 variation of P2 only, P1 fixed
For IM5, the degradation of 1 dB - 5 dB relation, more pronounced than for IM3. The absolute levels of IM5 and IM7 are significantly lower than IM3 (measured: -37 dB for IM5 and -64 dB for IM7 at 2 x 43 dBm).

The reported results can be generally accepted. Similar results are reported by Huawei and Kaelus [3]. Figure 6.2.2-4 shows a Kathrein measurement using specially prepared BS antennas.
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Figure 6.2.2-4: IM3 measurement of PIM for 2 differently prepared antennas
Huawei presented in figure 6.2.2-5 a 1 dB - 2.5 dB relation at 43 dBm. Kaelus investigated differently jumper cables and also measured comparable data (figure 6.2.2-6).
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Figure 6.2.2-5: Simulation and Measured result of the PIM power vs. input power from Huawei 
Figure 6.2.2-6: Measured IM3 power for jumper cables [3]
6.2.3 Spread spectrum measurement results 

For comparison of spread spectrum signals with CW measurements, two remote radio heads (RRH) were used in the measurement set up of figure 6.2.1-1. The RRHs could transmit either WCDMA or CW signals. A conversion factor of 1.7 dB was observed for IM3 with an estimated measurement error of (0.5 dB (figure 6.2.3-1). As expected, this result is lower than the theoretical values. The conversion factor for IM5 is 3.2 dB in accordance with a measured 1 dB - 3.7 dB power relationship [3].
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Figure 6.2.3-1: Conversion factor: Comparison WCDMA signal to CW signal
Changing the excitation source from CW to modulated signal ( GSM/UMTS/LTE source), the simulation result is shown in figure 6.2.3-2 (Huawei).
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Figure 6.2.3-2: Simulation result of the PIM power VS input power under different excitation from Huawei
Elaborate measurements are reported by Ericsson in [2]. A conversion factor of 2.1 dB is a reasonable assumption.
Editors note: may be some more results from Ericsson?
6.2.3
Discussion of the measurement results

Comparison of theoretical results with several measurements showed that the theory explains the problem with sufficient precision.

The upper limit for a conversion factor is 3dB for 3rd order nonlinearity (PIM measurement BW = 3 times carrier BW).
For the realistic case with the same BW for aggressor and victim, the conversion factor reduces from 3 dB to 1.8 dB.

The conversion factor can be decreased by some tenths of dB for high power levels as measurements have showed.

A conversion factor of 2.1 dB is a realistic assumption.
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