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1. Introduction

New MIMO correlation matrices are required for the Enhanced DL MIMO Work Item [3].  In this contribution, an alternate method of computing and specifying the spatial correlation matrices for systems with cross polarized pairs of antennas.  Specifically, the method produces the correlation matrix for an 8x2 antenna array in which the eNodeB has four cross-polarized pairs of antennas and the UE has a single cross-polarized pair.  Previous contributions ([1], [2]) discussed the mathematics required to produce such correlation matrices.  This contribution provides an alternative development that in some ways is more straightforward, or at least illuminating.
2. Derivation

The approach taken here follows the advice of [4], Appendix A4.1, which states that polarized arrays can be treated by forming the Schur product:
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where 
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 is the polarization covariance matrix, 
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 are the transmit and receive antenna correlation matrices, and operators 
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 and 
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 are the Schur and Kronecker products, respectively.  This source does have some errors and limitations, however.  Firstly, it is defined only for 2x2 systems, and there is an error in a definition that has no effect for this scenario.  The error must be understood and corrected so the development can be used for larger than 2x2 scenarios.  Secondly, the development is limited to very specific polarization angles.
As a side note, one textbook [4] presents a small amount of information on this subject, but not enough to be useful in this paper.  The development was focused on producing the channel matrix and unfortunately did not define all terms.

In the following, an improved development is provided.  The first step is to define the geometry of the system.  This is used to determine antenna polarization vectors, describing the polarization angle in a common coordinate system.  We then examine the polarization scattering matrix and derive its statistics, under some stated assumptions.  We then derive the polarization covariance matrix.  Finally, some examples are provided.
Antenna Element Geometry

Figure 1 below shows the coordinate system for a single antenna, schematically represented as a blue line.  The y-axis is positive in the direction out of the page.   
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 is the electric field reference direction.  The element tilt 
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 is positive in the counterclockwise direction.

The coordinate system is defined in this manner to be consistent with the convention that the x-y plane is the horizontal plane, with the y-axis looking down the boresight direction of the antenna array.  For the purposes of this exposition, we only consider rotations of the antenna element in the x-z plane.
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Figure 1.  Coordinate system for a single antenna element.
Antenna Polarization Matrix
We define the antenna polarization vector p to describe the element’s orientation relative to the coordinate system.  The polarization vector for a vertically-polarized element is given by:
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A rotation matrix consistent with the coordinate system defined in Figure 1 is given by:
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The resulting polarization vector for an arbitrary tilt is then given by:
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A polarization vector is computed for each of the N antenna elements in both the base station and mobile station arrays.  They must be numbered using the same scheme as is used for computing the antenna correlation matrices:
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The polarization vectors are grouped into matrices, one for each end of the radio link: 
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Scattering Matrix and Statistics

The polarization scattering matrix describes how energy passing through a medium is scattered from the transmitted polarization into the received polarization.  It is defined as:
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The elements of S are typically modeled as random in amplitude and phase, and as uncorrelated.  We define the cross correlation:
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This result reflects the assumption that the scattering coefficients are uncorrelated, which is something that may not be true in all cases.
The elements of 
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 can be rewritten in terms of the cross polarization ratio (XPR), a quantity commonly used to describe how much energy from one polarization scatters into the orthogonal polarization due to the environment.
  Define the following quantities:
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This reflects the values can be different, but for our purposes here, we will assume they are equal:
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With this, we can rewrite 
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 as:
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where we have simply assumed that pVV = pHH and divided by that quantity.  Note that 
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, reflecting a convention used in some papers.
Polarization Covariance

We start with the derivation of polarization covariance by examining the coupling between one transmit and one receive antenna.  The voltage input/output ratio vRx(m) at the mth receive antenna output due to a voltage vTx(n) at the nth transmit antenna can be written as:



[image: image23.wmf]{

}

{

}

()

()();1,2,...,1,2,...

()

T

Rx

RxTxTXRX

Tx

vm

mnnNmN

vn

=ÎÎ

pSp

.
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (11)

These terms can be collected into a matrix 
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 by substituting the polarization matrices defined in (5)

 for the polarization vectors.  After doing this, we obtain the polarization-induced input/output relationship for all paths in one matrix expression:
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Matrix 
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 expresses the channel response due to polarization effects.  The next step is to compute the cross correlation of all elements in 
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; this will yield what is referred to as the polarization covariance matrix, 
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We use a well-known Kronecker product identity to rewrite this into a form that is easier to manipulate:
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Substituting back into (13)

 gives:
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This is used in 
(1)

 to obtain  GOTOBUTTON ZEqnNum351454  \* MERGEFORMAT , the overall channel correlation matrix, presented in expanded form below:
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Example Polarization Covariance Matrices
In this section, the channel correlation matrix will be computed using the result from above.  The final result is highly dependent on the antenna numbering; the numbering scheme shown in Figure 2 follows the example from [1].
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Figure 2.  Antenna numbering scheme for arrays of various sizes.

For the two element arrays in the figure above, we obtain the following polarization matrices:
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Evaluating (15)

 for the 2x2 case eventually yields:
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where:
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Partitioning lines show the common elements of the result.

Similarly, for the 4x2 case, we can obtain the polarization matrices:
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This leads to the polarization covariance matrix below:
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where we have dropped the scale factor in favor of a matrix normalized to a maximum of unity.

The pattern continues for the 8x2 case, creating a 16x16 matrix with the upper left and lower right quadrants composed of alternating ones and zeros, while the lower left and upper right quadrants continue with the alternating 
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 and 
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 pattern.
Example Channel Correlation Matrices

One perhaps counter-intuitive step is the method for specifying the BS and MS correlation matrices.  In the case of linear arrays with uniformly-spaced elements, it is simple to understand that the correlation roughly decreases as the spacing increases, hence the definitions of correlations found in many places, such as B.2.3.1.

By this logic, the cross-correlation between two elements with zero spacing should be unity.  However, is this true if the elements are cross-polarized?  The way out of this conundrum is to note that the polarization covariance matrix is intended to handle this phenomenon, and simply specify the correlation between two elements of zero spacing to be unity.  For the 4x2 scenario with array definitions from Figure 2, we have:
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The Kronecker product produces the following matrix:
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The final result is the Schur (or Hadamard) product with the polarization covariance:
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3. Comparison with Other Derivations

Comparing the various derivations is a bit like comparing solutions to the Rubik’s Cube puzzle: it is difficult to grasp without having done the work yourself, and then, the only people interested are those who have also solved the problem.  In the end, all the solutions work; most people won’t care how they work.

Regardless, there are some useful comparisons to be made.  First, do note that the development and results made in this contribution compares identically with those in [1], so there shouldn’t be any controversy on that point.  Contribution [2] makes some other interesting formulations as well.

In [1], a different coordinate system is used for the antenna elements (Figure 1 herein vs. [1] Figure 2).  We believe this is immaterial since the answer comes out the same, but this should be noted by those who attempt to reconcile the two developments.
It should also be noted that [1] defines the 
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 matrix differently than in this contribution.  Reader should be aware that in [1], 
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 is always 4x4, while in this development, it’s dimension is the same as 
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Additionally, this development follows a different convention for the cross-polarization ratio (XPR); it is the reciprocal of what is found in [1] and [2].
From the example results in the previous sections, it’s clear that there is a great deal of structure in the matrices that allow them to be restated in other forms, such as those found in [2].  This is fertile ground for mathematical puzzle-solving.
The derivations of this paper and [1] start from a similar place, but diverge at a critical point in the treatment of 
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, as defined in 
(12)

.  The benefit of the method developed here is that it avoids the tedious hand-evaluation of  GOTOBUTTON ZEqnNum890184  \* MERGEFORMAT , and allows a general treatment of antenna polarization angles.
In addition, the symmetry in 
(16)

 allows the correlation on the uplink to be computed easily.  Note that the convention of expressing  GOTOBUTTON ZEqnNum198139  \* MERGEFORMAT   for channels assuming linear polarization describes the downlink channel correlation matrix: the transmitter is on the left side and the receiver is on the right side of the Kronecker operator.
To express the uplink, the Kronecker product is reversed.  To compute the uplink correlation matrix for the cross-polarized case, we simply exchange the BS and the MS subscripts on all terms:
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While it must be possible for the derivation of [1] to produce the uplink correlation matrix, it is not clear to this author how one should proceed if starting directly from its final result:
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For instance, is there any special transformation that needs to be done for the P and 
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 terms?  Azimuth defers to the authors of [1] for their guidance on this.
4. Conclusions

A development is presented for the computation of the channel correlation matrices for antenna arrays using cross-polarized pairs of elements.  The development differs in some significant ways from other papers ([1], [2]) and as a result is more general in its ability to handle an antenna array with elements arbitrarily tilted within the vertical plane of the array.  Regardless, it arrives at the same final values as the other derivations and either method is capable of computing the correlation values required for this work item.
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� Technically, this is called the cross polarization coupling (XPC), and reflects the propagation environment.  The cross polarization discrimination (XPD) is another effect that describes the non-ideality of an antenna.
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