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1. Introduction
Correlation matrices for 2x2, 4x2, and 4x4 MIMO configurations have been selected for TS36.101 based on calculations for Low, Medium, and High correlation scenarios.  The final correlation matrices have been listed with 4 digit precision in TS36.101.
Calculating the matrices with full precision based on the formulas produces valid correlation matrices, however when the values in the matrix are rounded off to typical levels of precision such as 4 digits, some 4x2 & 4x4 correlation matrices are no longer valid since they are non-positive semi-definite correlation matrices. 
This problem is described and some possible approaches to solve the problem are discussed.

2. Description of the non-positive definite Correlation Matrices
4x2 Configuration

In [1] the definition of the correlation matrix for the 4x2 antenna configuration is given as a function of the parameters α and β which define the spatial correlation between the antennas at the eNodeB and UE.

	4x2 case
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Where α and β for different correlation scenarios are given in Table 1.

Table 1  Correlation Values
	Low correlation
	Medium Correlation
	High Correlation

	(
	(
	(
	(
	(
	(

	0
	0
	0.3 
	0.9 
	0.9 
	0.9 


The final computed correlation matrix listed in [1] is:

	4x2 case
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This matrix is non-positive semidefinite due to the round-off to 4 digits of precision.  To illustrate this, the Eigen values of the correlation matrix are calculated in Table 2 using the formula values in column 1, and using the 4 digit precision in column 2.  Notice that due to the round off, some of the small Eigen values have become negative, e.g. 0.0000 becomes -0.0001.  (Note that -0.0000 in the table is a small negative number that is rounded off to zero.)
    


    Table 2  Eigen value Comparison
	Full Precision
	4 Digit Precision

	0.0000   
	-0.0001

	0.0000   
	-0.0000

	0.0001   
	-0.0000

	0.0020    
	0.0020

	0.0112    
	0.0112

	0.2121    
	0.2121

	0.3887    
	0.3889

	7.3859    
	7.3859


In order to make the matrix a proper correlation matrix, some adjustment in the values will be required.  
4x4 Configuration

In [2] the definition of the correlation matrix for the 4x4 antenna configuration is given as a function of the parameters α and β.

The correlation matrices for MIMO channel with 4 antennas at both eNB and UE are
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Where α and β for different correlation scenarios are given in Table 3.

Table 3  Correlation Values
	Low Correlation
	Medium Correlation
	High Correlation
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	0
	0
	TBD
	TBD
	0.9
	0.9


The final computed correlation matrix listed in [2] is:
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This matrix is non-positive semidefinite due to the round-off to 4 digits of precision.   To illustrate this, the Eigen values of the correlation matrix are calculated in      Table 4 using the formula values in column 1, and using the 4 digit precision in column 2.  Notice that due to the round off, some of the small Eigen values have become negative, 0.0000 becomes -0.0001 or -0.0002.  (Note that -0.0000 in the table is a small negative number that is rounded off to zero.)
     Table 4  Eigen value Comparison
	Full Precision
	4 Digit Precision

	0.0000
	-0.0002

	0.0000
	-0.0002

	0.0000
	-0.0001

	0.0000
	-0.0001

	0.0000
	-0.0001

	0.0000
	-0.0000

	0.0000
	-0.0000

	0.0000
	0.0001

	0.0001
	0.0001

	0.0001
	0.0002

	0.0041
	0.0042

	0.0041
	0.0042

	0.0125
	0.0125

	0.4340
	0.4342

	0.4340
	0.4342

	15.1111
	15.1112


The medium correlation matrix (not shown) also exhibits this problem when assuming α=0.3 and β=0.9, although these values are still TBD.  In order to make these matrices into proper correlation matrices, some adjustment in the values will be required.  
3. Possible Way Forward to obtain Positive Semi-definite Correlation Matrices

The following illustration in Table 5 shows the level of precision necessary to achieve a positive semidefinite result for each case.  (The 4x4 medium correlation case is assuming α = 0.3 and β=0.9, which is the same as the 4x2 case, although the actual values are currently TBD.)  
Specifying 7-8 digits of precision is not practical for simulations, measurements, or existing test equipment since the resulting correlation could never be verified to this level of accuracy.  Therefore an alternate approach is required to specify practical correlation matrices for these cases.
Table 5  Level of Precision Required to obtain Positive Semi-definite Correlation Matrices
	
	
	Precision -->
	
	
	
	

	MIMO
	Correlation
	0.123
	0.1234
	0.12345
	0.123456
	0.1234567
	0.12345678

	2x2
	high
	 
	 
	 
	 
	 
	 

	
	med
	 
	 
	 
	 
	 
	 

	
	low
	 
	 
	 
	 
	 
	 

	4x2
	high
	 
	 
	 
	 
	 
	 

	
	med
	 
	 
	 
	 
	 
	 

	
	low
	 
	 
	 
	 
	 
	 

	4x4
	high
	 
	 
	 
	 
	 
	 

	
	med
	 
	 
	 
	 
	 
	 

	
	low
	 
	 
	 
	 
	 
	 

	
	
	
	
	
	
	
	

	
	
	 
	Correlation matrix is Positive Semi-definite
	

	
	
	 
	Correlation matrix is Not Positive Semi-definite


Proposed way forward:

Approach 1
Remove the final correlation matrices from the spec and only list the formulas for ReNodeB and RUE and RMIMO along with values for α and β.  This would simplify the description and allow test set manufacturers to implement the correlation matrices in a way that works best for the test they are implementing.
Approach 2

Retain the matrices with a foot note stating that the matrices should only be used as a reference and not implemented literally. This way, users would be able to generate their own slightly modified version of the original correlation matrix to support the test they are implementing.

Approach 3

For the cases that are non-positive semidefinite, slightly adjust the correlation matrices listed in the spec and maintain the 4 digit precision.  This adjustement would be very small based on a simple scaling algorithm such that there would be no appreciable difference between the formula result and the values specifed in the matrix.  e.g. the worse case adjustement would be ~ 0.1%.  This type of small adjustment would result in a positive semidifinite matrix, and the difference in correlation would be insignificant and virtually impossible to detect or measure.
Conclusion:
To maintain a useful description of the correlation matrices with a reasonable level of precision, i.e. the typical 4 digits of precision, it is recommended that a slightly modified matrix, as in Approach 3 be used to correct the existing correlation matrices that are non-positive semi-definite.  Such a small modification, on the order of 0.1% is possible based on a simple scaling algorithm and the adjustment would be insignificant and virtually impossible to detect or measure.  
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