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1. Introduction
This contribution gives an overview of the different collision probability analytical derivations that can be used for Random Access dimensioning, and their relevance based on simulations backup. Then, randomness requirements are evaluated for non-synchronized Random Access (NSRA).
2. Process

The process we consider is the following:

1. The time of arrival of UE’s random access attempts follow a Poisson distribution

2. UEs initiating a random access attempt select randomly a resource opportunity out of L. The L resource opportunities represent e.g. the combined frequency and preamble signature resources in a given random access time slot.
3. Analytical expressions
In [1], it was highlighted that two different types of collision probabilities can be considered for the purpose of NSRA dimensioning:

· The collision probability per access time slot, 
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· The collision probability per UE, 
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Mainly the latter is used for the purpose of NSRA channel throughput, contention resolution needs and latency analysis. We elaborate the derivation of both probabilities below.

On top of these, we see the need to start with the collision probability per resource opportunity,
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, where the resource opportunities represent the total combined time slot x L resource opportunities per time slot.

3.1. Probability of collision per resource opportunity
This probability is defined as the probability that 2 or more UEs select the same resource opportunity. It is simulated by counting the total number of collisions experienced by all resource opportunities normalized by the total number of ran resource opportunities. It is expressed as (Annex 1):
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This is the expression used in [2-6].

3.2. Probability of collision per time slot
This probability is defined as the probability that at least one of the L resource opportunities available in a random access time slot experiences a collision. It is simulated by counting the number of slots in which one or more collisions occurred normalized by the total number of ran slots. It is expressed as (Annex 1):

(2)
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where
(3)
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3.3. Probability of collision per UE

This probability is defined as the probability that a given UE experiences a collision with one or more other UEs in the same resource opportunity. It is simulated by counting the total number of collisions experienced by all resource opportunities normalized by the total number of ran UE’s attempts. It is derived from the probability of collision per resource opportunity, normalized by the density of UEs per resource opportunity:

(4)
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4. Simulation results

The simulation results shown in Figure 1 confirm the relevance of the analytical expressions in Section 3.
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Figure 1: Collision probability: analytical and simulations
5. Randomness requirements for NSRA
The representative (busy hour) traffic model shown in [3] yields 30 NSRA attempts per second. For latency reasons, the period of NSRA time slots should not exceed 20ms, which yields a worst-case offered load G of 0.6 access attempts per time slot. This worst case load allows dimensioning the required number of resource opportunities allocated to randomness for a given collision probability target. It can be observed in Figure 1 that such load requires 12 and 16 resource opportunities per NSRA time slot to keep the collision probability per UE below 2.5% and 2% respectively. This shows that the 64 available signatures on the NSRA preamble [11] are sufficient for both randomness purpose and to carry as a minimum the access cause/type as proposed in [9]

 REF _Ref146944894 \n \h 
[10]. On the other hand, as soon as the load requirements are relaxed from the worst-case value to e.g. 0.3 access attempts per time slot, 8 resource opportunities are sufficient to provide 2% collision probability and more bits are available to carry additional information such as CQI/path-loss. This justifies the flexible approach proposed in [10] where the random ID, cause/type and potentially CQI/path loss information are semi-statically mapped onto the 64 available signatures on the NSRA preamble [11].
6. Conclusion

Based on worst case loads evaluated in [3], we derived the associated randomness requirements for the NSRA and concluded that 12 resource opportunities per NSRA time slot are sufficient for randomness to achieve a collision probability per UE below 2.5%. As a result, the 64 available signatures on the NSRA preamble [11] are sufficient for both randomness purpose and to carry as a minimum the Random Access cause/type.
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Annex 1 Collision probability: analytical derivations

A-1.1 Probability of collision per resource opportunity

This probability is defined as the probability that 2 or more UEs select the same resource opportunity. It is simulated by counting the total number of collisions experienced by all resource opportunities normalized by the total number of ran resource opportunities.

The Poisson formula of the probability pslot that k Poisson points may occur in the same time slot of duration T is [13]:

(5)
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where:

· λ is the average Poisson points arrivals per second

· G = λ T is the offered load

k users collide in a resource opportunity (a combination of frequency block and preamble signature) if they all initiate a NSRA attempt in the same access slot and choose randomly the same resource opportunity among L. Provided that we have:

· L opportunities selected randomly: o1, o2, …, oL;

· all opportunities have equal probability to be selected: p1 = p2 = …= pL = 1/L = p;

· k UEs: u1, u2, …, uk in the same NSRA time slot, k ≤ L;

the probability 
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 that a given opportunity oi was selected n times by k independent trials (UEs) is given by the binomial distribution:

(6)
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Therefore, the probability that no collision occurred on this resource opportunity out of k trials is:

(7)
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and the resulting collision probability is
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. Hence, given the Poisson arrival process and the resource opportunity selection process are independent, the collision probability per resource opportunity when k users initiate a NSRA attempt in a NSRA time slot is:

(8)
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So that the overall collision probability
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 defined as the probability that 2 or more users collide in the same resource opportunity is derived by summing the elementary collision probabilities (8):

(9)
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Substituting p =1/L, (6), (7), and (8) in (9) and using 
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It can be noticed that this expression confirms the validity of the approach that simply consists in reducing the offered load G in (5) by a factor L, as if the L opportunities were evenly spread in the time domain. Indeed, under this assumption, an alternate expression for (8) is:

(11)
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Then, the overall collision probability 
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 defined as the probability that at least 2 users collide in the same resource opportunity is derived from (11) as follows: 

(12)
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A-1.2 Probability of collision per time slot

This probability is defined as the probability that at least one of the L resource opportunities available in a random access time slot experiences a collision. It is simulated by counting the number of slots in which one or more collisions occurred normalized by the total number of ran slots.

The probability p(o1= n1, o2= n2, …, oL= nL) that the opportunities o1, o2, …, oL were selected n1, n2, …, nL times respectively by k independent trials (UEs) is given by the multinomial distribution:

(13)
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The probability pL(k,n) that n opportunities have been selected uniquely out of L by k independent trials (UEs) is:
(14)
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Therefore, the probability that all k users go through (no collision) is pL(k,k) and the resulting collision probability is 
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. Hence, given the Poisson arrival process and the resource opportunity selection process are independent, the collision probability when k users initiate a NSRA attempt in a NSRA time slot is:

(15)
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Of course, as soon k > L, a collision occurs, so in that case (15) becomes:

(16)
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So that the overall collision probability
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 defined as the probability that 2 or more users collide in the same access slot is derived by summing the elementary collision probabilities (15), (16):

(17)
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A-1.3 Probability of collision per UE

This probability is defined as the probability that a given UE experiences a collision with one or more other UEs in the same resource opportunity. It is simulated by counting the total number of collisions experienced by all resource opportunities normalized by the total number of ran UE’s attempts. It is derived from the probability of collision per resource opportunity, normalized by the density of UEs per resource opportunity:

(18)
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