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Introduction
During e-mail discussion after the RAN1 #89 meeting, the modulo-lifting method is selected as a working assumption for supporting variable-length LDPC codes. 
In this contribution, we introduce a simple example for constructing quasi-cyclic (QC) LDPC codes based on modulo-lifting, and furthermore, we present a sub-optimality of the modulo-lifting method. In spite of the sub-optimality, simulation results show that the performance degradation is negligible, as compared with random LDPC codes. Consequently, the modulo-lifting provides not only the simple construction method but also variable-length QC LDPC codes with a stable and good coding performance. 
Quasi-Cyclic LDPC Codes and Modulo-Lifting
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Quasi-cyclic LDPC codes 
A quasi-cyclic (QC) LDPC code is characterized by the parity-check matrix which consists of small square blocks which are the zero matrix or circulant permutation (right-shifted identity) matrices. Let  be the  permutation matrix defined by 

Note that  is just the circulant permutation matrix which shifts the identity matrix  to the right by  times for any integer , . For simple notation, we denote the  zero matrix  by.
Let  be the  matrix given by 

where  are exponent indices of permutation matrices,  and  are the numbers of column and row blocks, respectively. When  has full rank, we can assign  information bits to some  column blocks. (For our convenience, we call these  column blocks information column blocks). Then the code with parity-check matrix  is referred to as a QC LDPC code. 
The base matrix of , , is defined by the  binary matrix obtained from replacing zero matrices and circulant permutation matrices by ‘0’ and ‘1’, respectively, in . Furthermore, let  be the expoment matrix of  given by 

An example of a parity-check matrix for a  QC LDPC code with  and  is given by 


where  is the  zero matrix and  is the  identity matrix.
Modulo-Lifting [1], [2]
One advantage of QC LDPC codes is supporting length-compatibility since QC LDPC codes of variable length can be easily obtained by adjusting the size of circulant permutation matrices in . When adjusting the size of circulant permutation matrices according to the target code block size, each exponent indices can be easily calculated by the specified formula. For example, we can obtain the exponent matrix  for the parity-check matrix  from the exponent matrix  for the parity-check matrix  as follows: 
[Lifting]

Here,  is the parity-check matrix consisting of  circulant permutation matrices and/or zero matrices for given integer  and  is an integer function of  and . For example, in [2],  is defined by modulo function as follows:
[Modulo-Lifting]

Since the parity-check matrix  is derived from the exponent matrix , its algebraic property is also determined by . 
In general, if we have a constraint on the sizes of the sub-block, we can easily construct a series of QC LDPC codes. For example, consider a given QC LDPC code  with  parity-check matrix  and  exponent matrix  and base matrix . Our first goal here is to construct a QC-LDPC code  with  parity-check matrix  and  exponent matrix  and the same base matrix , where .

[A Simple Example for Constructing QC LDPC Codes Based on Modulo-Lifting] [1], [2]
Step 1) Initialize:  is the zero matrix. 
Step 2) For each ‘1’ at the i-th row and the j-th column among the columns with lowest degree wmin in , replace the corresponding block of  by  and list the girth and the number of the shortest cycles in the replaced matrix. Here,  runs through the 2 exponents  and .
Step 3) Among all the possibilities for  in Step 2), select a circulant permutation matrix at the position of ‘1’ in  such that the corresponding girth is maximized and then the number of the shortest cycles is minimized. Update  and  by applying the chosen circulant permutation matrix and the corresponding exponent at the selected position, respectively. 
Step 4) Repeat Steps 2) and 3) until each ‘1’ in the degree-wmin columns of  is assigned to a circulant permutation matrix.
Step 5) Repeat Steps 2), 3) and 4) for each degree w > wmin in turn.

Applying the above construction methods recursively, it is possible to generate a sequence of QC-LDPC codes as follows:

where  has an  exponent matrix  and . 
Note that , and furthermore, the exponent matrix  and ’s are sufficient to store all ’s since 


Because of the restriction on choosing the exponents in Step 2) for each ,  may not be optimal from the viewpoint of cycles. Nevertheless, simulation results show that the modulo-lifting does not cause a serious performance degradation, as depicted in Figure 1. Figure 1 shows the bit error rate (BER) and frame error rate (FER) performance of QC-LDPC codes obtained by modulo-lifting. All codes have the same base matrix whose size is 24×48. The modulo lifting procedure was carried out with , , , and . In Figure 1,  denotes (code length, information length, the size of the permutation matrices) and the codes with ‘Opt’ were obtained by lifting procedure with ,  and , , respectively.
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 Figure 1. Performance of QC LDPC Codes 

Observation 1: QC LDPC codes constructed by modulo-lifting can support not only variable-length information but also a stable performance. 

A theoretical evidence for the stable and good coding performance of QC LDPC codes based on modulo-lifting is also presented in [1], [2]. In other words, well-constructed QC LDPC codes based on modulo-lifting provide a good memory efficiency to store the parity-check matrix and a good coding performance. 

Proposal 1: Modulo-Lifting should be adopted for NR.
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Observations and Proposals 
In this contribution, we present the following observation and proposal for supporting length-compatibility of QC LDPC codes. 

Observation 1: QC LDPC codes constructed by modulo-lifting can support not only variable-length information but also a stable performance. 

Proposal 1: Modulo-Lifting should be adopted for NR.
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