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In RAN1#87, Polar codes were adopted as channel coding for uplink control information and downlink control information (working assumption) for eMBB system except for very small block length [2]. In LTE, Reed muller (RM) based block codes are used for very small block length [3]. To support varaible resource size, the coded block sizes are 20, 24, and 32 bits. For the cases of 32 bit, the first 6 columns in generator matrix are RM (32,6,16) code and the following 5 columns are added by computing search to optimize the minimum hamming distance (as shown in Table 1). For the cases of 20 and 24 bits, the generator matrix are puncured from the oringal generator matrix of 32 bits. Extended Golay code (24,12,8) is the perfect code for length of 24 bits with 12 information bits. It is possibe to design a set of block code based on Golay codes for block sizes of 20, 24, 32 bits. 
In this contribution, we will introduce the design of block codes based on Golay code for very small block length in eMBB system. The performance of the proposed block codes outperform RM in LTE very mucn for block size of 20 and 24 bits and has comparable performance with that of 32 bits. The performance of the proposed block codes is significantly better than that of PC-Polar [4] for all the small block length use cases (of code block size of 20, 24, 32 bits). In addition, superior perforamnce of Golay based block codes can be achieved with relatively low decoding compelxity using ordered statistic decoding (OSD) algorithm [5] (due to the very small block length).
Golay-based block code for very small block sizes



The control information bits input to the channel coding block are denoted by   where A is the number of bits. The A control information bits may be encoded using (32,A), (24,A) and (20,A). After encoding the bits are denoted by  where B = 20, 24, or 32. To get better performance, repetition and simpex code will be applied for A = 1 and A = 2, respectively. For , the code words of the three block codes are a linar combination of the 12 basis sequences denoted Mi,n and defined in Table 1.



Table 1 Basic sequence for block code based on Golay code
	i
	Mi,0
	Mi,1
	Mi,2
	Mi,3
	Mi,4
	Mi,5
	Mi,6
	Mi,7
	Mi,8
	Mi,9
	Mi,10
	Mi,11

	0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	1
	  0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	2
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	0

	3
	1
	1
	1
	1
	0
	0
	0
	0
	0
	0
	0
	0

	4
	0
	0
	1
	0
	1
	0
	0
	0
	0
	0
	0
	0

	5
	1
	0
	0
	1
	1
	1
	0
	0
	0
	0
	0
	0

	6
	0
	1
	0
	1
	1
	0
	1
	0
	0
	0
	0
	0

	7
	1
	1
	1
	0
	0
	0
	0
	1
	0
	0
	0
	0

	8
	1
	1
	0
	0
	1
	1
	0
	1
	1
	0
	0
	0

	9
	1
	0
	1
	0
	1
	0
	0
	0
	0
	1
	0
	0

	10
	1
	0
	1
	1
	1
	1
	0
	1
	0
	1
	1
	0

	11
	0
	1
	1
	1
	1
	1
	1
	1
	0
	0
	1
	1

	12
	1
	0
	0
	0
	1
	1
	1
	0
	1
	1
	0
	1

	13
	0
	0
	0
	1
	1
	1
	0
	1
	1
	0
	1
	1

	14
	0
	0
	1
	1
	1
	0
	1
	1
	0
	1
	0
	1

	15
	0
	1
	1
	1
	0
	1
	1
	0
	1
	0
	0
	1

	16
	1
	1
	1
	0
	1
	1
	0
	1
	0
	0
	0
	1

	17
	1
	1
	0
	1
	1
	0
	1
	0
	0
	0
	1
	1

	18
	1
	0
	1
	1
	0
	1
	0
	0
	0
	1
	1
	1

	19
	0
	1
	1
	0
	1
	0
	0
	0
	1
	1
	1
	1

	20
	1
	1
	0
	1
	0
	0
	0
	1
	1
	1
	0
	1

	21
	1
	0
	1
	0
	0
	0
	1
	1
	1
	0
	1
	1

	22
	0
	1
	0
	0
	0
	1
	1
	1
	0
	1
	1
	1

	23
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	0

	24
	0
	0
	1
	1
	0
	1
	1
	1
	1
	0
	0
	0

	25
	0
	1
	0
	0
	1
	1
	1
	0
	0
	1
	1
	0

	26
	0
	1
	0
	1
	0
	1
	1
	0
	1
	1
	1
	1

	27
	0
	1
	1
	0
	0
	1
	0
	0
	1
	1
	1
	1

	28
	0
	1
	1
	0
	1
	0
	1
	0
	0
	1
	0
	1

	29
	1
	0
	0
	1
	0
	0
	0
	1
	0
	0
	1
	0

	30
	1
	1
	0
	0
	0
	1
	0
	1
	0
	0
	0
	1

	31
	1
	1
	1
	1
	0
	1
	0
	0
	0
	0
	1
	0





After encoding the bits are denoted by  where  and with

  where i = 0, 1, 2, …, B-1.

For, the coded bits are calculated by

   where i = 0, 1, 2, …, B-1.
Performance comparison among Golay based block codes, RM codes and PC-Polar codes
In this section, we will compare the performance among block codes based on Golay code, RM code and PC-Polar codes. We will compare the minimum Hamming distance of them and the requried SNR at BLER of 0.1% and 0.01%.  
Comparison of minimum Hamming distance 
The minimum Hamming distance for block codes based on Golay and RM codes and PC-Polar codes are listed in Table 2 for variable information sizes K and variable block sizes N. The minimum Hamming distance for block codes based on Golay and RM codes are calculated using the generator matrix in table 1 and the generator matrix in [3]. For PC-Polar codes, we deduce the generator matrix using the Hadamard matrix and the polynomial of the cyclic shift register for parity check calculation. Then, the minimum Hamming distances of PC-Polar codes can be obtained using all the possible code words.     
Table 2 the minimum Hamming distance for three kinds of the codes
	N
	Type
	K=3
	K=4
	K=5
	K=6
	K=7
	K=8
	K=9
	K=10
	K=11
	K=12

	20
	Golay
	10
	10
	8
	8
	8
	8
	7
	6
	5
	4

	
	RM
	8
	8
	8
	8
	6
	6
	6
	6
	4
	

	
	PC-Polar
	8
	8
	8
	8
	4
	4
	4
	4
	4
	4

	24
	Golay
	12
	12
	10
	10
	9
	8
	8
	8
	8
	8

	
	RM
	10
	9
	9
	9
	7
	7
	6
	6
	4
	

	
	PC-Polar
	8
	8
	8
	8
	8
	8
	8
	6
	4
	4

	32
	Golay
	17
	16
	16
	13
	12
	11
	11
	10
	9
	9

	
	RM
	16
	16
	16
	16
	12
	12
	12
	12
	10
	

	
	PC-Polar
	16
	16
	16
	16
	8
	8
	8
	8
	8
	8



It is seen that the minimum Hamming distance of the block codes based on Golay code is larger than that of block codes based on RM and PC-Polar codes for cases of N=20 and 24 bits. For the case of 32 bits, the minimum Hamming distances of RM based block codes are slight larger than that of Golay based block codes but much larger than that of PC-Polar for K >7.  Considering all the three cases, Golay based block codes should have better performance in terms of minimum Hamming distance.
Comparison for the required SNR of the target BLER
The performance comparison in terms of the required SNR among the three kinds of the codes are depicted in Figure 1 and Figure 2 for target BLER of 0.1% and 0.01%, respectively. For Golay based block codes, OSD 2 decoding algorithm is used. The performance of OSD 2 is very close to that of the maximum likelihood decoding (MLD). Specially, there is almost no perforamnce loss when the coded block size is less than 32 bits. The  MLD algoirthm is applied for both RM and PC-Polar codes. Just as mentioned in previous section, the generator matrice of PC-Polar codes are deduced to calculate the minimum Hamming distance. It is quite easy to use MLD algorithm to decoding PC-Polar codes. 
[image: ]
Figure 1. required SNR at BLER of 0.1% for variable K and variable N
It is seen that the required SNR at BLER of 0.1% and 0.01% of the Golay based block codes is better than that of RM based block codes and more significantly than PC-Polar codes for cases of N=20 and 24 bits. Specially, for required SNR at BLER of 0.01%, the gain of Golay based block codes is around 0.5 dB than that of RM based block codes except the case of K = 5 and 6. For the case of 32 bits, required SNR at BLER of 0.1% and 0.01% of the Golay based block codes is comparable to that of he RM based block codes and much lower than that of PC-Polar coded. For seversal cases of K, the gains of Golay based block codes are around 1dB than that of PC-Polar codes. 
[image: ]
Figure 2. required SNR at BLER of 0.01% for variable K and variable N
Observation 1: Golay based block codes with OSD 2 outperform RM based block codes with MLD for N=20 and 24 and has comparable performance with RM based block codes with MLD for N=32.
Observation 2: Golay based block codes with OSD 2 outperform PC-Polar codes with MLD very much for N=20, 24 and 32.
Observation 3: RM based block codes with MLD outperform PC-Polar codes with MLD for N=20, 24 and 32 in majority cases.
Decoding complexity, latency and memory
The OSD algorithm is a very efficient soft decoding algorithm for binary linear block codes especially for small block length. The basic idea of this approach is to achieve a desired error performance progressively in a number of stages. For each decoding stage, the error performance is tightly bounded and the decoding is terminated at the stage where either near-optimum error performance or a desired level of error performance is achieved. Therefore, more flexibility in the tradeoff between performance and decoding complexity is provided compared with ML decoding.Other reliability based decoding methods could provide further performance/complexity enhancements [6][7]. For the purpose of very short block length code decoding, OSD provides sufficient complexity and performance tradeoff.
In general, the performance of one or two-stage OSD are very closed to that of MLD for small coded block size. The performance comparison in terms of the required SNR between Golay based with OD 1  and PC-Polar with MLD is depicted in Figure 3 for target BLER of 0.01% with K =7 to 12.  It is seen that the overall performance of Golay based block codes with OSD 1 is better than better than PC-Polar codes with MLD for N=20, 24, and 32. For K is not larger than 6, we can use MLD decoding since the complexity of MLD is still small.
[image: ]
Figure 3. required SNR at BLER of 0.01% for variable K and variable N
Observation 4: The overall performance of Golay based block codes with OSD 1 is better than than PC-Polar codes with MLD for N=20, 24 and 32.


Basically, the computation complexity of OSD 1 is K constructed codewords and  constructed codewords is for OSD 2 preceded by 1) one time sorting of N reliability values and 2) binary matrix row operation of the generator matrix of the code of size KxN, where multiple row operations can be done in parallel. For K=12, the number of candidate codewords to be considered for ML decoding vs for OSD 2 is reduced from to 78. There are around 500 times reduction. The complexity of OSD 2 for Golay based block codes should be not larger than that of RM based block codes as LTE baseline. It is noted that the compelxity of the one time sorting of the reliability and the Gaussian elimination of the binary generator matrix is not accounted since it is relatively small   
We further compare the complexity of OSD 2 with L=8 SCL decoding for PC polar N=32 (assuming PC polar could already approach ML decoding performance). Even if we do not consider the complexity of the sorting and calculation of the parity check bits, there are LlogN (40) operations including 20 g functions and 20 f functions per coded bits. Since there are at least four adders for one g and one f function in total, there are at least 80 x N coded bits which is larger than 78 operates x (N-K) parity bits for OSD.
The latency of Golay based and RM based block codes are much lower than that of PC-Polar codes because there are supporting parallel decoding very well. Actaully, it is very difficult for PC-Polar to do parallel decoding. For OSD and MLD decoding, there is not necessary to store the data except the generator matrix. However, a larger momery is needed to supported SCL decoding algorithm.
Observation 5: The complexity of Golay based block codes with OSD decoding algorithm is much lower than that of MLD decoding.
Conclusions
Observation 1: Golay based block codes with OSD 2 (or even OSD 1 in some cases) outperform RM based block codes with MLD for N=20 and 24 and has comparable performance with RM based block codes with MLD for N=32.
Observation 2: Golay based block codes with OSD 2 outperform PC-Polar codes with MLD very much for N=20, 24 and 32.
Observation 3: RM based block codes with MLD outperform PC-Polar codes with MLD for N=20, 24 and 32 in majority cases.
Observation 4: The overall performance of Golay based block codes with OSD 1 is better than than PC-Polar codes with MLD for N=20, 24 and 32.
Observation 5: The complexity of Golay based block codes with OSD decoding algorithm is much lower than that of MLD decoding.
Proposal 1: Golay-based block codes for the channel coding of very small block lengths should be considered for NR.
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