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Introduction
In RAN1#87, Polar codes were adopted as the channel coding scheme for uplink control information and downlink control information (working assumption) for eMBB systems except for very small block length [1]. In RAN1 #88 and #88b, a FRActally eNhanced Kernel (FRANK) construction of polar code is introduced.
The initial motivation of FRANK polar is to provide a theoretically justifiable framework for scalable polar code sequence construction with low description complexity to enable online construction. In this contribution, we further evaluate FRANK polar both in terms of decoding complexity and performance in the more general range of code block lengthes. Additional benefits of FRANK polar are identified and analyzed. We consider FRANK polar construction a compelling candidate for NR control channel.
Summary of key benefits of FRANK Polar construction
1. A scalable and theoretically justifiable framework of polar code sequence construction
2. Enabling efficient and low complexity block based rate matching schemes with superior performance
3. Low description complexity, suited for online code construction
Figure 1 shows the performance advantage of FRANK polar with block rate matching vs. PW polar with bit-reversed rate matching. We will get into the detailed background theory, design, analysis and evaluations of FRANK polar in the rest of this paper.
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[bookmark: _Ref478150370]Figure 1 Performance comparison of FRANK polar with block rate match vs PW with bit-reversed rate match
Information bit allocation for polar code based on reliability metric ordering
Determining the location and distribution of information bits is crucial to polar code design. Most of the existing designs are based on generating a certain reliability metric for each U domain bit (either via SNR dependent numerical density evolution or some formula), sorting those metrics, and selecting the most reliable bits in U domain as information bits.
Channel polarization
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[bookmark: _Ref478482648]Figure 2 memoryless channel and channel polarization
Let W: XY be a binary-input discrete memoryless channel where channel capacity is C=I(X;Y). (For the example of binary-input, 0 ≤ C ≤ 1).
Channel polarization is a general phenomenon, which can be exploited to create auxiliary channels to achieve coding gain beyond repetition and improve the overall channel coding performance. Consider the following simple example with 1-stage polarization (It can be shown that using polarization to create auxiliary channels via repetition and xor operations while preserving capacity) as shown in the left part of Figure 2:

Assume W is a BEC with erasure probability ‘’ and
	parity-check (XOR)
		repetition
It can be readily shown that
Channel 
Erasure probability, = 
Channel 
Erasure probability, + = 2
We denote W+= W2, W- = W1, where  W+ is better than W- as shown about.
The above operation can be performed recursively, increading polarization of the N bits.
The polar sequence design for BEC can be obtained via closed form recursion and sorting of reliabilities of bits in the U domain. For AWGN channels, no closed form expression is available. Most of the existing designs utlize a density-evolution approach with Gaussian mean approximation (GA-DE). In coding literature, mutual information (MI) has been an important metric for DE/EXIT chart design for LDPC/turbo code [3][4]. MI is an important and robust measure of reliability (more robust than the mean sometimes) and we will also show that MI delivers additional information that is not available in mean-based evolution which is critical to the FRANK polar design.
[bookmark: _Ref478153037]Discussion on sequence with reliability ordering
There are many discussions regarding reliability ordering, we can look at either BER for U-domain bits or MI output for those bits as a function of the channel input MI. Examples of MI transfer chart for N=32 is shown in Figure 3 and Figure 4 (zoomed in). It can be shown that, when N is small, total ordering of reliability is possible (for example N = 2, 4, 8, 16 for AWGN channels). However, starting from N = 32, such total ordering does not exist. As can be seen in Figure 4, there are some crossovers of curves in both low MI output and high MI output regions. As a result, there is no total ordering of these channel bits as it will be dependent on which BER/MI output region is concerned. However, for practical purposes, one does not need to care about low MI output region due to the high BER. For short sequence design of length N = 32 or 64, one can simply focus on high MI output region (such as the zoomed in region in Figure 4) and simply determine the reliability ordering of the short sequence in the region of interest. 
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[bookmark: _Ref478151806]Figure 3 MI transfer chart N = 32 polar code
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[bookmark: _Ref478151808]Figure 4 MI transfer chart N = 32 polar code (zoomed in)
Sequence design with such a procedure is guaranteed to be nested, in the sense that, the ordering to achieve a target MI output value will be fixed, ensuring one nested sequence design to cover the code rate from 1/N to (N-1)/N. An example of MI nested sequence design for N = 64 is given in Appendix C.
One can naturally use this nested MI sequence procedure for long sequences, which performs well. However, one can see that as N increases, there will be more and more bits that have very close reliabilities to each other, reliability based sequence sorting is feasible, but may not be the most efficient approach. However, with the MI metric, more efficient sequence design can be developed.
Information bit allocation over channels with polarization
One key question of information bit allocation is how the information bits are distributed in the “good” and the “bad” channels after each stage of polarization. To address this question in general, we first consider an exmple based on the BEC. Suppose N coded bits are transmitted through a channel, N/2 of the coded bits will be transmitted via an equivalent channel W+ and N/2 will be transmitted via an equivalent channel W-. As an example in Figure 2, suppose N = 256, N0 = 128 for the W- channel and N1 = 128 for the W+ channel.
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[bookmark: _Ref478152770]Figure 5 memoryless channel and polar code

We make the following observation: for a polar code of rate R to be asymptotically capacity achieving, the information bit distribution over the channels after polarization should be such that the allocated number of infomation bits leads to a rate that is matched to the capacity of the corresponding channel after polarization. Matching the number of information bits to the capacity of the channel after polarization is required to asymptotically achieve overall channel capacity using successive-cancellation (SC) decoding and facilitates SC and SC list (SCL) decoding at finite length. Hence, the information allocation problem is turned into a rate allocation problem at a macro level.
For example, for the BEC channel, consider an (N, K) code of rate R = K/N. The rate allocated to W- should be R0 = R2, the lower part W+ has R1 = 1 - (1 – R)2 = 2R – R2 The information bit allocation follows the following simple linear relationship: 
· The proportion of information bits allocated to the W- channel instances: K0 = R/2 * K;
· The proportion of information bits allocated to the W+ channel instances: K1 = (2-R)/2 * K.
This relationship could be applied recursively to get fine-granularity information-bit distribution with further polarized equivalent channel instances.
To generalize the relationship to other channels, we resort to the law of information combining that has been extensively studied in the coding literature (see [2] [3] [4]). The mutual information of channels after polarization (i.e. one channel with repetition coding; one channel with parity check coding (XOR)) can be plotted against the mutual information of channel inputs. One example of the mutual information chart over an AWGN channel is shown in Figure 6. One approximation by ten Brink et al is included in Appendix of [2]. Simple formula is proposed to tightly approximate the MI combining equation over the AWGN channel. One very simple but accurate approximation is also shown in Appendix A, which can be calculated efficiently in a fixed-point implementation. In Appendix B, approximation of MI output with unequal MI channel input values are considered.
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[bookmark: _Ref478473433]Figure 6 channel polarization and mutual information transfer chart
The mutual information output of the channel W- (channel after XOR) is R0 and channel W+ (channel after repetition) is R1. Both can be derived from mutual information transfer chart (see [2][3][4] for derivations and Appendix A and Appendix B). Since polarization preserves capacity, for a code that is capacity achieving, the following have to be satisfied: 
· R = (R0+R1)/2.
· The proportion of information bits allocated to the W- channel instances: K0 = R0/R * K/2;
· The proportion of information bits allocated to the W+ channel instances: K1 = R1/R * K/2.
K0/K ratio could be further illustrated as a function of code rate R designed for a specific channel. This  ratio is channel dependent and is plotted in Figure 7 for the AWGN channel, the BEC and the BSC, respectively. According to the information-combining law, the BEC and BSC serve as the combining upper and lower bounds on the information bit ratio. Different channels require different information bit distribution in order to be capacity achieving.
The number of information bits could be allocated recursively for multiple stages of polarization based on the relationship shown in Figure 7 (here it shows the ratio of information bits to be allocated to the W- channel over info bits allocated to W channel) to achieve asymtotically optimal information-bit allocation in order for the overall code to get good performance. It becomes clear that MI based evolution conveys more information than the mean value evolution in GA-DE, that is, the rate-allocation distribution at each stage of polarization.
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[bookmark: _Ref478152982]Figure 7 information bit percentage chart of W- channel
Nested property of polar codes
We discuss the nested property of multi-stage channel polarization. Based on Figure 5, it can be easily seen that W- has equal or worse capacity than the W+ channel. We further observe that the U reliability ordering within the group remains invariant across different groups (e.g., reliability of bits within the channels of W- and W+ follow the same ordering across MI inputs ranging from [0, 1]), based on the assumption that the inputs are from the same channel (typically assumed to be from an AWGN channel):
Observation 1: For each step of polarization, where N statistically identical channel inputs are polarized into two groups of channels, W- and W+, the U domain reliability ordering of the bits within the channel group of W- and W+ are identical.
The above property could be used to construct a short reference reliability order sequence (a bit group of length Nref) that could be used to determine the locations of Ki information bits for any constituent code comprising a group of Nref bits. The information bit ratio relationship (in Figure 7) could be applied recursively to obtain the number of information bits Ki for each group of length Nref bits of the code, where the short sequence could be derived either numerically or via some formula.
For example, for a polar code of length N = 512, a reference sequence of length Nref = 64 (constructed based on DE or other methods), for any payload size K, the U0~U511 could be partitioned into 8 consecutive groups in the U domain, each of them having the same length as Nref with information bit allocation to each group i as Ki from {K0, …, K7}. With the knowledge of Ki, the information bit location within each group could be determined using the short sequence.
Observation 2: A polar code information bit location mapping could be determined by:
1) the number of information bits allocated to each group in the U domain of the polar code based on mutual information recursion 
2) A short sequence that maps the number of information bits to the information bit location within each group.
Details of MI transfer (MIT) chart of AWGN channel without and with rate matching
Figure 8 and Figure 9 illustrate examples of the recursion based on the FRANK construction with and without puncturing, where the grey boxes in Figure 9 represent punctured bit groups. Note that, the only difference in these two cases is that the mutual information evolution calculation will account for the puncturing (and similarly for shortening and repetition). As a result, FRANK construction is not only scalable to codes of length N = 2^m, but also works well with block-based puncturing and shortening schemes. For more details on different rate matching schemes, we refer the reader to [9].


[bookmark: _Ref478153244]Figure 8 recursive information bit allocation


[bookmark: _Ref478153242]Figure 9 recursive information with block based rate matching
In N=2^m case as in Figure 8, the info bit distribution is based on MI calculation where the input MI to the recursion is set to capacity MI = R = K/N (that is the maximum rate a channel code can support). Recursive calculation the number of information bits for each group, e.g. K0, K1, then subsequently, K00, K01, K10, K11, etc. are carried out.
In the case where N is not equal to 2^m as in Figure 9, the info bit distribution is based on MI calculation accounting for punctured/shortened bits. The mother code length is Nmax, which is the closest power of 2 upper bound of N. In this example, the MI of non-punctured bit groups is also set to capacity MI = R = K/N. In addition, MI of punctured bit groups (total of (Nmax – N) bits) are set to zero to accurately model the MI evolution throughout the polarization procedure. Similar recursive calculation the number of information bits for each group, e.g. K0, K1, then subsequently, K00, K01, K10, K11, etc. are carried out.
Observation 3: FRANK polar construction could easily take into account the impact of puncturing, shortening, repetition, which facilitates the design of block-based rate matching schemes
How accurate is the FRANK polar construction?
The main idea of the FRANK polar construction is to allocate the information bits to different groups of bits in the U domain based on the information rate distribution via multi-fractal recursion. Based on the distribution of the information rate in each group/kernel, the number of information bits in each group could be determined and a short sequence (of length for example Nref = 64) used to map the information bit locations in the group. This process is applied recursively (based on polar codes’ recursive/fractal structure) to get the information-bit locations for the overall polar code. With this recursive construction, and due to the relatively small computation and storage requirement for the base sequence generation/storage, online construction of polar codes becomes more practical for small block length for downlink (K <= ~100 and Nmax < 512).
With the FRANK polar construction, the description complexity can be very low for control channel based on the following observation:
It was observed for large code block length and low coding rate, that the majority part of the polar code has sparse information bits (in the lower indices of the U domain). As a result, the description for a long sequence is highly redundant. The computationally intensive online construction based on long sequence may not be necessary. 

We can see from Figure 10 that, for a length N = 512 code, number of information bits in the upper part of the U domain is very small based on the density evolution construction as well as the theoretical value derived from the capacity formula (i.e., FRANK construction). For example, for information bit numbers K = 8~120, there are:
1) <= 16 information bits located in the top 256 bits;
2) <= 23 information bits located in the next 128 bits;
3) <=27 information bits located in the next 64 bits;
In addition, we show in Figure 11, the information-bit distribution derived from the capacity formula is tracking the information-bit distribution from nested DE very well from very low to very high code rates for N = 512, giving further evidence that the FRANK polar construction generates good sequences.
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[bookmark: _Ref478153585]Figure 10 number of information bit distribution in u domain (zoomed in)
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[bookmark: _Ref478153640]Figure 11 number of information bit distribution in u domain
Code design for control channels
We consider a nested extension construction based on information bit allocation and a short reference sequence for polar code for NR control channels.
Short sequence design
For short reference sequence, we follow the approach discussed in Section 3.2 and use Nref = 64 throughout this paper. Note that further opimization of the Nref length is possible.
Nested extension construction based on short sequence
Three key elements in the design based on discussions in previous sections:
1) Construct a short reference sequence based on Nested MI DE, or other schemes
2) For each (N, K) code, recursively partition a long codeword into groups of small length (the shortest length equals the length of short reference sequence) and allocate # of information bits Ki to each group based on the information-bit ratio according to the MI ratio formula taking into account punctured bits and/or shortened bits.
3) Generate information bit location of the group of length Nref based on short reference sequence and # of info bits in that group when the block of length Nref or shorter is reached.

It should be noted that, due to the low-rate nature of high aggregation levels (AL), the first (upper) part of the U domain has very sparse info bit allocation. Examples of information-bit distributions based on the proposed scheme are shown in Table 1, it can be noted that, the upper part of the code sequence has a very small number of information bits, which can help reduce code constrution complexity. Also, it should be noted that, the constructed sequences have very similar information-bit compared to those derived from DE.
Table 1: K distribution of N = 512 PDCCH codes


Comparison with long sequences
Compared to the FRANK polar nested extension design based on short sequence, long-sequence design has the following drawback: 
1) Long sequence design is not practical for online code construction, requiring high bit-precision to calculate reliability values in addition to high complexity and latency sorting operations for finding the most reliable bits.
2) Long sequence design does not shed any insight on the actual information bit distribution at different stages of polarization. For large block size N (for PDCCH high AL) where code rate is typically low, the W- part of the code has very sparse information bit allocation, which could be exploited and further optimized by considering multiple short sequences.
3) Long sequence design cannot be easily extended to a different type of channels, especially a fixed long sequence design is not optimized for rate-matching schemes. In particular, they are very sensitive to block based rate matching schemes and hence not suited for the efficient and low complexity rate matching schemes. Different channel realizations (particularly, puncturing/shortening and repetition) could be easily incorporated in the information bit allocation calculation of FRANK polar to get optimized info bit allocation.

FRANK polar with rate matching
It was shown in [8] that the FRANK polar construction works with bit-reversed shortening with performance similar to that obtained from DE (with the code rate properly accounting for the shortening of the code). It is further shown in [9] that FRANK polar (without any PC dynamic frozen bits) works even more favourably in the scenario of block-based rate matching and its performance is substantially better than PW with bit-reversed shortening both with and without PC bits across the rate region, payload size, and list size. At the same time, the decoding complexity and latency are also substantially lower with block-based rate-matching schemes [7]. Some simulation results are presented in the following section for discussion.
Simulation Results
Simulation Configurations
The simulation setup of the evaluation in this section is summarized in Table 2. FRANK polar with block-based rate-matching schemes is compared with the PW sequence with bit reversed-based rate-matching.
Table 2 Simulation parameters for control channel
	Channel
	AWGN

	Modulation
	QPSK

	Code Construction
	CA-SCL

	Sequence Design
	FRANK
	PW

	CRC Concatenation
	19-bit CRC with Polar

	Decoding algorithm
	CA-SCL with L=8 and other list sizes (pruned to L<=8 based on path metric before CRC based pruning)

	Code rate
	1/6, 1/3, 1/2, 2/3 (and others in N = 2^m sweep)

	Info. block length
	{32, 48, 64 80, 120, 200} –16  (and others in N = 2^m sweep)

	Rate matching scheme
	Block puncturing/shortening/ repetition
	Bit-rev shortening



We first perform a quick performance sweep of K values in control region with N = 2^m and then evaluate more general cases where N is not a power of 2 and the code length and rate combinations are based on RAN1 control channel performance evaluation agreements.
Code length N = 2^m
Figure 12 shows the performance of FRANK polar vs. PW polar with N = 256 and N = 512 respectively. As shown, in both cases, the performance is similar, which is understandable as PW is specifically tuned to match good AWGN performance with N = 2^m.
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[bookmark: _Ref478149248]Figure 12 Performance comparison of FRANK polar vs. PW polar with N = 2^m

Code length N is not power of 2 and comparison of different rate matching schemes
When N is not necessarily power of 2, rate matching plays a role together with sequence design. Here, we evaluate control channel performance of FRANK polar with block puncturing, shortening, and repetition and compare it to PW with bit-reversed shortening. It can be seen that across code rate and list size, FRANK polar performs consistently better. FRANK polar performs better with block shortening at high coding rate (R = 2/3 in this case), and performs better with block puncturing at low coding rate (R <=1/2). Note that, with large list size, the number of CRC bits does not change, path pruning is perfomed based on path metric to get down to L = 8 before the CRC check. It can be seen that, when the information-bit allocation is done as in the FRANK polar case, with L = 32, there are substantial gains for FRANK polar with block rate-matching over PW with bit-reversed shortening (~0.4dB).
To facilitate reproducing these results, the information bit distributions of FRANK with block puncturing/shortening/repetition cases are listed in Appendix D and the associated short sequence is shown in Appendix C, which is based on the nested MI sequence design. The actual number of information bits defined here is (K+19) considering the additional CRC bits for FAR normalization. Code block length for a given code rate is determined based on (K+16) (to enable fair comparisons withith other types of polar construction. For example, PC or distributed-CRC based polar).
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Figure 13 Performance comparison of FRANK polar vs. PW polar for control channels (L = 8)
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Figure 14 Performance comparison of FRANK polar vs. PW polar for control channels (L = 32)
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Figure 15 Performance comparison of FRANK polar vs. PW polar for control channels (L = 2)
[image: ]Gain as a function of list size 

[bookmark: _Ref478553392]Figure 16 Performance comparison of FRANK polar vs. PW polar sweeping list size
Finally, in Figure 16, it is shown that, with proper sequence design and rate matching (that is FRANK sequence + block based rate matching). The performance continues to improve as list size increases (with normalized FAR). Again, the effect of relatively smaller gain with large list size for PW + bit-rev shortening is likely due to the fact that the bit-reversed shortening and PW (or DE) sequence construction does not take into account rate matching, which results in a suboptimal code. More simulation results with list size sweep showing similar trend can be found in Appendix E.
Observation 4: FRANK polar with block rate matching shows superior performance and low complexity than PW polar with bit-rev shortening
Proposal 1: RAN1 to adopt FRANK construction of polar code based on nested extension of short sequence as baseline
Proposal 2: RAN1 to adopt block puncturing/shortening/repetition as baseline rate matching schemes in conjunction with FRANK polar for its superior performance and low complexity
Other use cases of FRANK construction
FRANK construction opens the door of a much more general class of constructions of polar codes. From the information-theoretic analysis, it can be seen that the key to determining a good polar code construction is the information-bit distribution among different groups/kernels, the actual component code used in each group/kernel does not necessarily have to be limited to single parity check codes or repetition codes. When a component code property facilitates important features, a general polar code construction should be considered. For example, for PBCH design, a cyclic property is highly desirable to enable efficient soft combining over multiple beams without explicitly signalling the symbol/beam index. One way to enhance over LTE TBCC is to consider polarization construction with TBCC as part of the component code while still being able to send a few more bits via the polarized channel to achieve some coding gain.
Conclusions
In this contribution, a short sequence with nested extension design of Polar codes for control channel is proposed. The performance of the proposed solution is evaluated and compared in contribution.
Observation 1: For each step of polarization, where N statistically identical channel inputs are polarized into two groups of channels, W- and W+, the U domain reliability ordering of the bits within the channel group of W- and W+ are identical.
Observation 2: A polar code information bit location mapping could be determined by:
1) the number of information bits allocated to each group in the U domain of the polar code based on mutual information recursion 
2) A short sequence that maps the number of information bits to the information bit location within each group.
Observation 3: FRANK polar construction could easily take into account the impact of puncturing, shortening, repetition, which facilitates the design of block-based rate matching schemes
Observation 4: FRANK polar with block rate matching shows superior performance and low complexity than PW polar with bit-rev shortening
Proposal 1: RAN1 to adopt FRANK construction of polar code based on nested extension of short sequence as baseline
Proposal 2: RAN1 to adopt block puncturing/shortening/repetition as baseline rate matching schemes in conjunction with FRANK polar for its superior performance and low complexity
References
[1] [bookmark: _Ref471757666][bookmark: _Ref471593125][bookmark: _Ref430766234][bookmark: _Ref463025319]Chairman’s notes RAN1 #87
[2] [bookmark: _Ref478152588]S. ten Brink, G. Kramer, and A. Ashikhmin, “Design of low-density parity-check codes for modulation and detection,” IEEE Trans. Commun., vol. 52, no. 4, pp. 670–678, Apr. 2004.
[3] [bookmark: _Ref471593131]I. Land, S. Huettinger, P. A. Hoeher, and J. Huber, “Bounds on information combining,” IEEE Trans. Inform. Theory, vol. 51, no. 2, pp. 612–619, Feb. 2005
[4] [bookmark: _Ref471593135][bookmark: _Ref463025321]I. Sutskover, S. Shamai (Shitz), and J. Ziv, “Extremes of information combining,” IEEE Trans. Inform. Theory, vol. 51, no. 4, pp. 1313–1325, Apr. 2005
[5] R1-167209, “Polar code design and rate matching”, Huawei, HiSilicon, Gothenburg, Sweden
[6] R1-1608862, “Polar Code Construction for NR”, Huawei, HiSilicon, Lisbon, Portugal
[7] [bookmark: _Ref478149870]R1-1705632 “Polar Coding Construction and Rate Matching Impact on Complexity and Latency”, Qualcomm Inc.
[8] [bookmark: _Ref478145560]R1-1700832, “Design of Polar codes for control channel”	Qualcomm Incorporated
[9] [bookmark: _Ref478149667]R1-1705634 “A comprehensive Rate-matching scheme for polar codes and performance evaluation”



Appendix A: simple mutual information transfer chart approximation for AWGN channel from 
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For BEC channel, we have:
=
=
No closed form for AWGN channel is known, however, looking at the BEC and AWGN curves, they are very close and the following simple formula is a good approx.:
=
=+ 
where, =-
Appendix B: simple mutual information transfer chart approximation for AWGN channel with unequal MI input values
In this case, input mutual information values are C and C*alpha. The output mutual information exact calculation and approximations are shown in the following figure. Here the approximation is just an example and further optimization is possible.
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=
=+ 
where, =
Appendix C: an example of short sequence N = 64 used for FRANK polar code construction
Example of a short sequence of length N = 64 used for simulation evaluations. MI design target threshold set to 0.98. The sequence is ordered in descending order of reliability.

Nested MI Sequence = [  63    62    61    59    55    47    60    31    58    57    54    53    46    51    45    43    30    29    39    56    27    52    23    50    44    49    42    15    41    28    38    26    37    25    35    22    21    14    19    48    13    40    11    36     7    24    34    20    33    18    12    17    10     9     6     5     3    32    16     8     4     2     1     0]
[bookmark: _Ref478149418]

Appendix D: examples of info bit distribution generated based on FRANK polar construction
Examples of information-bit distributions obtained via the FRANK polar construction.
Table of FRANK polar code combinations used in the simulation results for RAN1 evaluation (Nmax <= 256)



Table of FRANK polar code combinations used in the simulation results for RAN1 evaluation (Nmax = 512)


Table of FRANK polar code combinations used in the simulation results for RAN1 evaluation (Nmax = 1024)


Table of FRANK polar code combinations used in the simulation results for RAN1 evaluation (Nmax = 2048)



Appendix E: comparison of Frank Polar and PW Polar with different K and list s[image: ]
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				K+16		N		0-63		64-127		128-191		192-255		256-319		320-383		384-447		448-511		512-575		576-639		640-703		704-1023		1024-1087
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		BlockShorten		48		72		7		41		  

		BlockShorten		64		96		29		35		  

		BlockShorten		80		120		50		30		  









		BlockShorten		120		180		0		46		53		21		  

		BlockShorten		200		300		0		0		0		38		62		48		41		11		  

		BlockRepeat		32		192		29		3		0		0		  

		BlockRepeat		48		288		36		7		5		0		0		0		0		0		  

		BlockRepeat		64		384		45		12		7		0		0		0		0		0		  

		BlockRepeat		80		480		51		17		12		0		0		0		0		0		  

		BlockRepeat		120		720		58		26		20		2		14		0		0		0		0		0		0		0		  

		BlockRepeat		200		1200		63		41		34		7		27		4		2		0		20		1		1		0		0

		BlockPuncture		32		192		27		3		2		0		  

		BlockPuncture		48		288		35		7		5		0		1		0		0		0		  

		BlockPuncture		64		384		42		11		7		0		4		0		0		0		  

		BlockPuncture		80		480		47		15		11		0		7		0		0		0		  

		BlockPuncture		120		720		55		25		19		2		13		0		0		0		6		0		0		0		  

		BlockPuncture		200		1200		62		40		33		7		26		4		2		0		19		1		1		0		5

		BlockPuncture		32		96		29		3		  

		BlockPuncture		48		144		38		9		1		0		  

		BlockPuncture		64		192		45		12		7		0		  

		BlockPuncture		80		240		49		18		13		0		  

		BlockPuncture		120		360		57		28		21		2		12		0		0		0		  

		BlockPuncture		200		600		62		45		37		9		29		5		3		0		10		0		0		0		  

		BlockPuncture		32		64		32		  

		BlockPuncture		48		96		40		8		  

		BlockPuncture		64		128		47		17		  

		BlockPuncture		80		160		52		20		8		0		  

		BlockPuncture		120		240		59		32		26		3		  

		BlockPuncture		200		400		62		49		40		11		32		5		1		0		  

		BlockPuncture		32		48		32		  

		BlockPuncture		48		72		45		3		  

		BlockPuncture		64		96		50		14		  

		BlockPuncture		80		120		55		25		  

		BlockPuncture		120		180		61		36		23		0		  

		BlockPuncture		200		300		63		53		48		16		20		0		0		0
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				K+16		N		Nmax		0-63		64-127		128-191		192-255		256-319		320-383		384-447		448-511		512-575		576-639		640-703		704-1023		1024-1087

		BlockShorten		32		48		64		32		  

		BlockPuncture		32		48		64		32		  

		BlockPuncture		32		64		64		32		  

		BlockShorten		48		72		128		7		41		  

		BlockShorten		64		96		128		29		35		  

		BlockShorten		80		120		128		50		30		  

		BlockPuncture		32		96		128		29		3		  

		BlockPuncture		48		96		128		40		8		  

		BlockPuncture		64		128		128		47		17		  

		BlockPuncture		48		72		128		45		3

		BlockPuncture		64		96		128		50		14

		BlockPuncture		80		120		128		55		25		  

		BlockShorten		120		180		256		0		46		53		21		  

		BlockRepeat		32		192		256		29		3		0		0		  

		BlockPuncture		32		192		256		27		3		2		0		  

		BlockPuncture		48		144		256		38		9		1		0		  

		BlockPuncture		64		192		256		45		12		7		0		  

		BlockPuncture		80		240		256		49		18		13		0		  

		BlockPuncture		80		160		256		52		20		8		0		  

		BlockPuncture		120		240		256		59		32		26		3		  

		BlockPuncture		120		180		256		61		36		23		0		  

		BlockShorten		200		300		512		0		0		0		38		62		48		41		11		  

		BlockRepeat		48		288		512		36		7		5		0		0		0		0		0		  

		BlockRepeat		64		384		512		45		12		7		0		0		0		0		0		  

		BlockRepeat		80		480		512		51		17		12		0		0		0		0		0		  

		BlockPuncture		48		288		512		35		7		5		0		1		0		0		0		  

		BlockPuncture		64		384		512		42		11		7		0		4		0		0		0		  

		BlockPuncture		80		480		512		47		15		11		0		7		0		0		0		  

		BlockPuncture		120		360		512		57		28		21		2		12		0		0		0		  

		BlockPuncture		200		400		512		62		49		40		11		32		5		1		0		  

		BlockPuncture		200		300		512		63		53		48		16		20		0		0		0

		BlockRepeat		120		720		1024		58		26		20		2		14		0		0		0		0		0		0		0		  

		BlockPuncture		120		720		1024		55		25		19		2		13		0		0		0		6		0		0		0		  

		BlockPuncture		200		600		1024		62		45		37		9		29		5		3		0		10		0		0		0		  

		BlockRepeat		200		1200		2048		63		41		34		7		27		4		2		0		20		1		1		0		0

		BlockPuncture		200		1200		2048		62		40		33		7		26		4		2		0		19		1		1		0		5
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				K+16		N		Nmax		64-127		0-63

		BlockShorten		32		48		64		32		0																								32
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		BlockShorten		64		96		128		29		35		  																						64
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				K+16		N		Nmax		448-511		384-447		320-383		256-319		192-255		128-191		64-127		0-63												0
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		BlockRepeat		32		192		0.1666666667		35		256		31		4		0		0		  																		0

		BlockPuncture		32		192		0.1666666667		35		256		29		4		2		0		  																		0

		BlockPuncture		48		144		0.3333333333		51		256		39		10		2		0		  																		0

		BlockPuncture		64		192		0.3333333333		67		256		46		13		8		0		  																		0

		BlockPuncture		80		240		0.3333333333		83		256		50		19		14		0		  																		0

		BlockPuncture		80		160		0.5		83		256		53		21		9		0		  																		0

		BlockPuncture		120		240		0.5		123		256		59		33		27		4		  																		0

		BlockPuncture		120		180		0.6666666667		123		256		62		37		24		0		  																		0

				K+16		N		R		K+19		Nmax		448-511		384-447		320-383		256-319		192-255		128-191		64-127		0-63

		BlockShorten		200		300		0.6666666667		203		512		0		0		0		38		62		49		42		12		  										0

		BlockRepeat		48		288		0.1666666667		51		512		38		8		5		0		0		0		0		0		  										0

		BlockRepeat		64		384		0.1666666667		67		512		46		13		8		0		0		0		0		0		  										0

		BlockRepeat		80		480		0.1666666667		83		512		52		18		13		0		0		0		0		0		  										0

		BlockPuncture		48		288		0.1666666667		51		512		37		8		5		0		1		0		0		0		  										0

		BlockPuncture		64		384		0.1666666667		67		512		43		12		8		0		4		0		0		0		  										0

		BlockPuncture		80		480		0.1666666667		83		512		47		16		12		0		8		0		0		0		  										0

		BlockPuncture		120		360		0.3333333333		123		512		57		29		22		2		13		0		0		0		  										0

		BlockPuncture		200		400		0.5		203		512		63		49		41		11		32		6		1		0		  										0

		BlockPuncture		200		300		0.6666666667		203		512		63		54		49		17		20		0		0		0												0

				K+16		N		R		K+19		Nmax		960-1023		896-959		832-895		768-831		704-767		640-703		576-639		512-575		448-511		0-447

		BlockRepeat		120		720		0.1666666667		123		1024		58		27		21		2		14		1		0		0		0		0						  		0

		BlockPuncture		120		720		0.1666666667		123		1024		55		25		20		2		14		0		0		0		7		0						  		0

		BlockPuncture		200		600		0.3333333333		203		1024		62		45		38		9		30		5		3		0		11		0						  		0

				K+16		N		R		K+19		Nmax		1984-2047		1920-1983		1856-1919		1792-1855		1728-1791		1664-1727		1600-1663		1536-1599		1472-1535		1408-1471		1344-1407		1024-1343		960-1023		0-959

		BlockRepeat		200		1200		0.1666666667		203		2048		64		42		35		7		27		4		2		0		19		2		1		0		0		0

		BlockPuncture		200		1200		0.1666666667		203		2048		62		40		34		7		27		4		2		0		19		1		1		0		6		0

														0-63		64-127		128-191		192-255		256-319		320-383		384-447		448-511		512-575		576-639		640-703		704-1023		1024-1087

																																				1343		960

																																				1024

														0		64		128		192		256		320		384		448		512		576		640		704		768

														63		127		191		255		319		383		447		511		575		639		703		767		1023

		1023												1023		959		895		831		767		703		639		575		511		447		383		319		255

														960		896		832		768		704		640		576		512		448		384		320		256		0

		2047												2047		1983		1919		1855		1791		1727		1663		1599		1535		1471		1407		1343		1279

														1984		1920		1856		1792		1728		1664		1600		1536		1472		1408		1344		1280		1024
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