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1 Introduction
Energy efficiency is an important design consideration for the New Radio (NR) [1]. Since the NR waveforms are expected to be based on OFDM, which may cause high Peak-to-Average-Power Ratio (PAPR), which in turn lowers the energy efficiency of the power amplifier, it is important to reduce the PAPR. Many PAPR reduction methods have been proposed in the literature and implemented in practice, but they tend to have high complexity. Thus, new simple methods for reducing the PAPR need to be explored. 
[bookmark: _GoBack]In this contribution we propose a fractional N-ary QAM modulation scheme where the number of bits per QAM symbol is not an integer, but rather a fraction. Specifically, a sequence of bits is mapped to a sequence of symbols which in turn can be transmitted on multiple resources in time, frequency, or space. The constellation at each dimension consists of N points, where N is not a power of 2. A Gray mapping is found to improve the error performance. We show that the proposed scheme may significantly reduce the PAPR compared with conventional QAM for OFDM-based waveforms while providing similar error performance.  
2	The Design
We choose a constellation size N=3x2n, where n is an integer. The constellation may be a subset of a regular QAM constellation of 2n+2 points. The subset may be chosen to minimize the PAPR. We then form a sequence of L symbols, each one of which is chosen from a N-ary QAM constellation. This gives a fractional            bits per symbol, where  stands for flooring, i.e., taking the largest integer that does not exceed the input argument. A Gray mapping is constructed for the mapping from the kL bits to the L-symbol sequences.       
In the following, we illustrate the design using 12-QAM modulation in two dimensions. We first construct a 12-QAM constellation from a square 16-QAM constellation by removing the four corner points, as shown in the figure below. Doing so helps reduce the PAPR, as we will show shortly.  


[bookmark: _Ref458612256]Figure 1 Reducing a 16-QAM constellation to a 12-QAM
We next extend the 12-QAM in two dimentions and choose a subset of the two-symbol sequenes for Gray mapping. A symbol in a single 12-QAM constellation cannot represent an integer number of bits without wasting the available symbols. We consider constellation extension, i.e, Cartesian product of two constellations, which results in 144 two-symbol sequences. We use 128 out of 144 symbol sequences to represent 7 bits, and that leaves 16 symbol sequences unused. We would like the 1-to-1 mapping between the 7 bits and the 128 symbol sequences to be a Gray mapping, meaning that if two symbol sequences are nearest to each other (at distance 2), the corresponding 7-bit sequences differ only in 1 bit. Refer to the blue inner symbols in the figure below. Each blue symbol has 4 neighboring symbols at distance 2. Thus, the symbol sequence consisting of 2 blue symbols (or a blue-blue symbol sequence) has 8 nearest neighboring symbol sequences. However, there are only 7 bits available. As a result, a Gray mapping is impossible if we include any blue-blue symbol sequence in the 128 symbol sequences. The total number of blue-blue symbol sequences is 16, exactly equal to the number of symbol sequences that we would like to exclude. Therefore, by exluding the 16 blue-blue symbol sequences, we fully utilize every symbol sequence while leaving open the possibility of constructing a Gray mapping.      


Figure 2 A Gray mapping of 7-bit sequences to 2-symbol sequences

We now construct a Gray mapping. Let the 7-bit sequence be b=b6, b5, b4, b3, b2, b1, b0. We define a basis vector f(b2, b1, b0) in TABLE I.
Basis vector of 12-QAM
	f(0,0,0)
	f(0,0,1)
	f(0,1,1)
	f(0,1,0)
	f(1,1,0)
	f(1,1,1)
	f(1,0,1)
	f(1,0,0)

	+1,+3,+1,+3
	+1,+3,+1,+1
	+1,+3,+3,+1
	+1,+1,+3,+1
	+3,+1,+3,+1
	+3,+1,+1,+1
	+3,+1,+1,+3
	+1,+1,+1,+3



The two-symbol sequence corresponding to the bit sequence b, denoted as v(b) = [x1(b), y1(b), x2(b), y2(b)], is set to 

    

where  may be referred to as a sign matrix which is a function of the four most significant bits. We note that the Gray mapping is not unique. In fact, there are at least 27 Gray mappings. By adding either 0 or 1 to each bit b modular 2 in the Gray mapping we get another Gray mapping. A table detailing a Gray mapping is shown in the Appendix.    

3	The Performance
PAPR
The PAPR of the DFT-spread OFDM waveform with two-dimensional 12-QAM modulation is compared with that with 16-QAM in Figure 3. The total number of subcarriers (IFFT size) is 2048. We look at three DFT-precoding sizes: 12, 512 and 2048, where 12 is used in NB-IoT and 2048 corresponds to assigning all the subcarriers to a single UE which could well happen if there is only one UE in a narrow beam. We look at the distribution (complementary cumulative distribution function or CCDF) of the PAPR. We see that at Prob[PAPR > PAPR0]=1.0x10-3, the 12-QAM modulation reduces the PAPR by 0.6~1.6dB, which can be significant in practice.

	 [image: C:\Users\malx\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Word\papr_12_16_allocated_12_out_of_2048.png]
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Figure 3 The CCDF of PAPR for (a) 12 subcarriers, (b) 512 subcarriers and (c) 2048 subcarriers, where the total number of subcarriers is 2048.

Error Performance
We first look at the error performance without channel coding. We compare the proposed 12-QAM modulation scheme with conventional 16-QAM and 4-QAM. All three modulation schemes use Gray mapping. The bit error rate (BER) performance is shown in Figure 4. We see that the availability of 12-QAM reduces the performance gap between adjacent modulation orders, and this is beneficial for adaptive modulation.  
[image: C:\Ma\Tasks\BK\N-ary\Matlab\2016_08_09\BER_uncoded_v2.png]
[bookmark: _Ref458614432]Figure 4 Uncoded BER performance with Gray mapping
We next look at the error performance with channel coding. The error performance of the proposed 12-QAM modulation scheme is compared with the conventional 16-QAM. The channel code is regular LDPC codes. The rate of the code for 16-QAM is 1/2. We consider two code rates for 12-QAM: 4/7 and 1/2. The rate 4/7 ensures that 12-QAM and 16-QAM have the same spectral efficiency (which in this case is equal to 2 bits/symbol). If the same spectral efficiency is not required, we would like to compare both schemes under the same coding rate which we choose to be 1/2. The codeword length for 12-QAM is 2394 bits, while that for 16-QAM is 2400 bits. For decoding, the likelihood ratio of each bit, i.e., the probability of a bit being equal to 0 over the probability of that bit being equal 1, is computed at demodulation, and then passed to the LDPC decoder which performs message passing decoding. The LDPC code uses a regular random parity check matrix with column weight 3. The channel is AWGN.
Figure 5 shows the frame error rate (FER) performance comparison. The performance of 12-QAM at rate 1/2 is about 0.2dB better than that of 16-QAM at rate 1/2 for 1% FER, while the performance of 12-QAM at rate 4/7 is about 0.1 dB worse than that of 16-QAM. Figure 6 shows the BER performance. Again, 12-QAM at rate 1/2 outperforms 16-QAM at rate1/2 by about 0.2 dB and underperforms 16-QAM by about 0.1dB at 0.1% BER. In all cases, the performance difference is negligible for practical purposes. 
[image: C:\Ma\Tasks\BK\N-ary\Matlab\2016_08_09\FER_rate_4_over_7_blocklength_2400v2.png]
[bookmark: _Ref458615691]Figure 5 FER performance of 12-QAM (blue solid line with crosses) and of 16-QAM (red solid line with diamonds) with LDPC codes

[image: C:\Ma\Tasks\BK\N-ary\Matlab\2016_08_09\BER_rate_4_over_7_blocklength_2400v2.png]
[bookmark: _Ref458612267]Figure 6 BER performance of 12-QAM (blue solid line with crosses) and of 16-QAM (red solid line with diamonds) with LDPC codes
4	Conclusion
In this contribution, we discussed fractional N-ary modulation with Gray mapping, which could significantly reduce the PAPR for OFDM-based waveforms while maintaining similar error performance compared to conventional QAM modulation. Our proposal is:
Proposal: To further consider fractional N-ary modulation with Gray mapping as a simple and effective PAPR reduction method for NR.
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Appendix
- mapping table for 12-ary based on two-dimensional QAM
- 7 bits  [6:0] = [MSB:LSB]
- 128 signal points over two symbols provided
- two I and two Q values provided as (I1,Q1,I2,Q2)
- not normalized

	
	[2:0] = 000
	[2:0] = 001
	[2:0] = 011
	[2:0] = 010
	[2:0] = 110
	[2:0] = 111
	[2:0] = 101
	[2:0] = 100

	[6:3] = 0000
	+1,+3,+1,+3
	+1,+3,+1,+1
	+1,+3,+3,+1
	+1,+1,+3,+1
	+3,+1,+3,+1
	+3,+1,+1,+1
	+3,+1,+1,+3
	+1,+1,+1,+3

	[6:3] = 0001
	+1,+3,+1,-3
	+1,+3,+1,-1
	+1,+3,+3,-1
	+1,+1,+3,-1
	+3,+1,+3,-1
	+3,+1,+1,-1
	+3,+1,+1,-3
	+1,+1,+1,-3

	[6:3] = 0011
	+1,+3,-1,-3
	+1,+3,-1,-1
	+1,+3,-3,-1
	+1,+1,-3,-1
	+3,+1,-3,-1
	+3,+1,-1,-1
	+3,+1,-1,-3
	+1,+1,-1,-3

	[6:3] = 0010
	+1,+3,-1,+3
	+1,+3,-1,+1
	+1,+3,-3,+1
	+1,+1,-3,+1
	+3,+1,-3,+1
	+3,+1,-1,+1
	+3,+1,-1,+3
	+1,+1,-1,+3

	[6:3] = 0110
	+1,-3,-1,+3
	+1,-3,-1,+1
	+1,-3,-3,+1
	+1,-1,-3,+1
	+3,-1,-3,+1
	+3,-1,-1,+1
	+3,-1,-1,+3
	+1,-1,-1,+3

	[6:3] = 0100
	+1,-3,+1,+3
	+1,-3,+1,+1
	+1,-3,+3,+1
	+1,-1,+3,+1
	+3,-1,+3,+1
	+3,-1,+1,+1
	+3,-1,+1,+3
	+1,-1,+1,+3

	[6:3] = 0101
	+1,-3,+1,-3
	+1,-3,+1,-1
	+1,-3,+3,-1
	+1,-1,+3,-1
	+3,-1,+3,-1
	+3,-1,+1,-1
	+3,-1,+1,-3
	+1,-1,+1,-3

	[6:3] = 0111
	+1,-3,-1,-3
	+1,-3,-1,-1
	+1,-3,-3,-1
	+1,-1,-3,-1
	+3,-1,-3,-1
	+3,-1,-1,-1
	+3,-1,-1,-3
	+1,-1,-1,-3

	[6:3] = 1111
	-1,-3,-1,-3
	-1,-3,-1,-1
	-1,-3,-3,-1
	-1,-1,-3,-1
	-3,-1,-3,-1
	-3,-1,-1,-1
	-3,-1,-1,-3
	-1,-1,-1,-3

	[6:3] = 1110
	-1,-3,-1,+3
	-1,-3,-1,+1
	-1,-3,-3,+1
	-1,-1,-3,+1
	-3,-1,-3,+1
	-3,-1,-1,+1
	-3,-1,-1,+3
	-1,-1,-1,+3

	[6:3] = 1100
	-1,-3,+1,+3
	-1,-3,+1,+1
	-1,-3,+3,+1
	-1,-1,+3,+1
	-3,-1,+3,+1
	-3,-1,+1,+1
	-3,-1,+1,+3
	-1,-1,+1,+3

	[6:3] = 1101
	-1,-3,+1,-3
	-1,-3,+1,-1
	-1,-3,+3,-1
	-1,-1,+3,-1
	-3,-1,+3,-1
	-3,-1,+1,-1
	-3,-1,+1,-3
	-1,-1,+1,-3

	[6:3] = 1001
	-1,+3,+1,-3
	-1,+3,+1,-1
	-1,+3,+3,-1
	-1,+1,+3,-1
	-3,+1,+3,-1
	-3,+1,+1,-1
	-3,+1,+1,-3
	-1,+1,+1,-3

	[6:3] = 1011
	-1,+3,-1,-3
	-1,+3,-1,-1
	-1,+3,-3,-1
	-1,+1,-3,-1
	-3,+1,-3,-1
	-3,+1,-1,-1
	-3,+1,-1,-3
	-1,+1,-1,-3

	[6:3] = 1010
	-1,+3,-1,+3
	-1,+3,-1,+1
	-1,+3,-3,+1
	-1,+1,-3,+1
	-3,+1,-3,+1
	-3,+1,-1,+1
	-3,+1,-1,+3
	-1,+1,-1,+3

	[6:3] = 1000
	-1,+3,+1,+3
	-1,+3,+1,+1
	-1,+3,+3,+1
	-1,+1,+3,+1
	-3,+1,+3,+1
	-3,+1,+1,+1
	-3,+1,+1,+3
	-1,+1,+1,+3
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