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1 Introduction

It has been shown that the PDCCH transmission consumes about 10dB more transmission

energy than the PHICH transmission [1]. Furthermore, in case where PDCCH capacity is

limited, it will be desirable to minimize the use of PDCCH in UL HARQ, meaning that

the use of adaptive HARQ is limited. Thus, in LTE-A standardization, the discussions are

focused on the efficiently use of PHICH triggered non-adaptive HARQ. Therefore, how to

choose the precoding vector/matrix for the retransmission is an issue if two codewords are

initially transmitted but only one needs to be retransmitted. On the other hand, although

the precoding used at UE can be transparent to eNodeB due to the precoded demodulation

reference signal (DMRS), to facilitate the multiuser MIMO for the UL transmission, the

precoder that UE uses for retransmission should be known to the eNodeB, meaning that the

precoding selection has to be standardized instead of leaving it as a vender based solution.

In RAN1 #62 meeting, several proposals have addressed the precoding selection for

PHICH triggered retransmission in UL MIMO [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Based on these

proposals, the following agreement was made [12]:

• If the number of transmission blocks (TBs) in the PHICH-triggered retransmission is

the same as in the latest transmission with an associated grant

– Rank and precoding vector stay the same

– The retransmission does not carry any automatic power adjustment command

• Continue discussion on the case where number of TBs in the PHICH-triggered retrans-

mission is less than in the latest transmission with an associated grant. To decide on

one alternative next meeting.



– Alt 1:

∗ The precoding vector for a retransmission should be a predefined precoding

matrix, {depending, not depending} on the precoding vector in the latest

grant

∗ The predefined precoding matrix(s) should be the first precoding codeword

(CW), cycling of CWs in time according to subframe index or RIV in the

agreed uplink codebook for the transmission rank of the retransmission

– Alt 2:

For PHICH-triggered retransmissions, TB is transmitted with the same precoding

that was previously used for the TB to be retransmitted in the latest grant

∗ The retransmission does not carry any automatic power adjustment command

– Alt 3:

For PHICH-triggered retransmissions, TB is transmitted with the precoding that

was used for the TB with a higher TBS size in the latest grant, if the TBS sizes

are different in the grant

– Alt 4:

Fallback to single antenna port transmission

Following the above agreements, based on the methodology described in Appendix A, we

next provide our proposals for the case where the number of TBs in the PHICH-triggered

retransmission is less than that in the latest transmission with an associated grant. In general

our proposal falls in the Alt 1, i.e., the precoding vector for a retransmission is a predefined

precoding matrix depending on the precoding vector in the latest grant.

2 Precoding Selection for PHICH triggered retrans-

mission

Denote nT as the number of transmit antennas. For the case of two transmit antennas, i.e.,

nT = 2, the precoding codebooks in LTE-A for the number of layers or rank r = 1 and r = 2

are given in Table 1 [13]. For full rank r = 2, the identity matrix is employed. For the case of

four transmit antennas, again for full rank case, i.e., r = 4, the identity matrix (multiplexing)

is used [13]. The precoding matrices for r = 1 and r = 2 are given in Table 2 and Table 3

with the codebook size of 24 and 16, respectively [13]. The precoding codebook for r = 3 has



been decided in LTE-A standard meetings recently [14], which we list in Table 4. The size

of this codebook is 12. Based on the methodology described in Appendix A, we provide the

precoding selection for different transmit antenna settings and different ranks in the original

transmission as follows.

Precoding Selection for nT = 2:

When the original rank is r = 2, the retransmission rank is then r′ = 1. We propose the

following text for nT = 2.

• For nT = 2, the precoding vector for a retransmission can be fixed to any one of the

first four precoding vectors (index 0 to 3) in Table 1, or cycling in time of the first four

precoding vectors (index 0 to 3) in the 1-layer codebook in Table 1 in any fixed order.

Precoding Selection for nT = 4:

First, considering the case that the original transmission has a rank r = 4, we propose

the following text on the precoding selection for the UL retransmission.

• For nT = 4, when the latest transmission is full rank, i.e., r = 4, the precoding vector

for a retransmission with rank r′ = 2 can be fixed to be any one of the precoding vectors

of index 8 to 15 in the 2-layer procoding codebook in Table 3, or cycling in time of

a certain subset of the precoding vectors of index 8 to 15 in the 2-layer codebook in

Table 3 in any fixed order.

For the original transmission with the rank r = 2 and r = 3, the following texts are proposed.

• For nT = 4, when the latest transmission has a rank r = 2, the precoding vector for the

retransmission with rank r′ = 1 can be chosen from Table 2 with the indices provided

in Table 6 based on the order of assigned MCSs or TBS sizes and precoding vectors in

the original transmission.

• For nT = 4, when the latest transmission has a rank r = 3, the precoding vector for the

retransmission with rank r′ = 1 or r′ = 2 can be chosen from Table 2 or Table 3 with

the indices provided in Table 7 based on the assigned MCSs and precoding vectors in

the original transmission.

The detail analysis for above proposed texts is provided in Appendix B. Table 6 and

Table 7 provided at the end of this document are copied on the top of next page to give a

clear view of the context.



precoding index for r = 2 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

precoding index for retr. r′ = 1 0 0 12 12 8 8 4 4 4 0 2 6 5 2 0 7

(MCS(layer-1)≥ MCS(layer-2))

precoding index for retr. r′ = 1 5 4 1 0 5 4 1 0 4 0 2 6 5 2 0 7

(MCS(layer-1)< MCS(layer-2))

Table 6: Precoding matrix indices for retransmission of r′ = 1 when r = 2 (original) and nT = 4.

precoding index for r = 3 0 1 2 3 4 5 6 7 8 9 10 11

precoding index for retr. r′ = 1 0 8 0 2 2 0 0 2 2 0 1 0

precoding index for retr. r′ = 2 0 4 8 10 12 14 12 13 8 9 2 3

(MCS2-MCS1≤ 11)

precoding index for retr. r′ = 2 8 8 0 0 0 0 0 0 0 0 8 8

(MCS2-MCS1> 11)

Table 7: Precoding matrix indices for retransmission of r′ = 1 when r = 3 (original) and nT = 4.

3 Conclusions

In this contribution, we provide a methodology on the precoding selection for PHICH trig-

gered retransmission in UL MIMO HARQ. The proposed texts are given in Sec. 2.

Appendix A Precoding Selection Methodology

Uplink MIMO

We consider a UL MIMO system with nT transmit antennas at UE and nR receive antennas at

the base station (BS), or eNodeB. Denote the nR×nT complex matrix H as the UL channel,

G ∈ CnT×r as the precoding matrix in the latest transmission of rank r, and x ∈ Cr×1 as

transmitted symbol vector. Considering the baseband or narrowband MIMO, the received

signal at the eNodeB is then given by

y = HGx + n, (A.1)

where n ∈ CnR×1 is additive Gaussian noise vector. When r ≥ 2 two codewords are trans-

mitted with the mapping rules described as follows. When r = 2, each codeword occupies



one layer or one stream. When r = 4, each codeword is mapped to two layers. Therefore,

for the cases of r = 2 and r = 4, the two codewords are of equal lengths. When r = 3, the

first codeword is mapped to the first layer, while the second one is mapped to the rest two

layers.

Precoding Selection in Nonadaptive HARQ

For non-adaptive HARQ in UL MIMO, when both codewords are failed to decode in the

latest transmission, same precoding matrix can be applied and the transmission format stays

the same. However, when only one codeword needs to be retransmitted, the rank changes

during the retransmission. Therefore, we need to find a precoding matrix for the reduced

rank r′ < r. Assume that the channel matrix is perfectly known to the UE, the best precoding

matrix of rank r′ for the retransmission that maximizes the instantaneous rate can be found

by

G′ = arg max
G∈GnT×r′

r′∑
i=1

log2(1 + SINR′
i(G)), (A.2)

where GnT×r is the complex matrix space of dimensions nT×r and SINR′
i(G) is the signal-to-

interference-plus-noise ratio (SINR) for the ith layer at the receiver. Considering the linear

MMSE based receiver, we have

SINR′
i(G) =

g†iH
†(I + HGG†H†)−1Hgi

1− g†iH
†(I + HGG†H†)−1Hgi

, (A.3)

where (·)† denotes the matrix conjugate transpose or Hermitian and gi is the ith column of

the precoding matrix G. Particularly, for rank r′ = 1 precoding, we have

g′ = arg max
g∈GnT×1

g†H†Hg. (A.4)

For a finite set GnT×r′ , G′ is obtained by searching from all the elements in the set. So

basically, the process is exactly the same as precoding selection for the original transmission,

but with a fixed and lower rank r′.

However, the precoding selection for original transmission is done at the base station

which has full knowledge of the channel. But at the UE, only imperfect channel information

is available in the form of the precoding matrix index (PMI). Without the accurate channel

information, it is difficult to obtain the best precoding matrix for the retransmission. We

now propose a method to solve this problem and find the suboptimal precoding matrix,

which is described as follows.



Following matrix inversion identity, we have

Ξ
4
= G†H†(I + HGG†H†)−1HG = (I + G†RG)−1G†RG

≈ (I + G†R̂G)−1G†R̂G. (A.5)

In (A.5) we use the approximation

R
4
= H†H ≈ PDP † 4= R̂, (A.6)

where D = diag{λ1, · · · , λr}. Here, we assume that the precoding matrix used for original

transmission P is known to the UE and is used to approximate the (dominant) eigen-vectors

of R. The eigen-values of R are approximated by {λj} which in turn are determined using

the MCSs used for first (original) transmission. The computation of {λj} is described in the

sequel. Therefore SINR′
i(G) in (A.3) can be rewritten as

SINR′
i(G) =

Ξ i,i

1−Ξ i,i

≈ αi

1− αi

, (A.7)

where αi = [(I + G†R̂G)−1G†R̂G]i,i. Then we can obtain the precoding matrix for retrans-

missions using (A.2) and (A.7) based on the approximate channel covariance matrix R given

in (A.6). For rank r′ = 1, from (A.4) we have

g′ = arg max g†R̂g. (A.8)

As seen from (A.6), the approximate channel covariance can be obtained by the assigned

precoding matrix in the original transmission and {λj}. To obtain {λj}, we use the infor-

mation of MCSs assigned by eNodeB. The MCS to a codeword is assigned based on the

estimated effective SINR at eNodeB for the whole codeword, i.e., the largest MCS level that

can achieve a block error rate (BLER) smaller than 10% for a given effective SINR. Thus,

according to the empirical BLER curves of turbo coded modulation for all MCS levels in the

standard, given the MCS assignments in the original transmission, we can find the signal-to-

noise ratio (SNR) threshold at 10% BLER for such MCSs and use them as the values of {λj}
for all the layers mapped to this codeword. For example, the SNR thresholds for the MCS

level 8 (QPSK, code rate Rc = 0.5137) and level 16 (16QAM, Rc = 0.6016) are 1.2676 dB

and 8.1354 dB, respectively. If these two MCS levels are assigned to a rank-2 precoding,

we then obtain the corresponding absolute values given by 1.3389 and 6.5094, respectively.

From the layer-codeword mapping rules, we then have D ≈ diag{1.3389, 6.5094} for r = 2

and D ≈ diag{1.3389, 1.3389, 6.5094, 6.5094} for r = 4.



Wideband Uplink MIMO

For wideband uplink MIMO in LTE-A, the DFT spread frequency division multiple access

(DFT-S-FDMA) is employed as a multi-access technique for its low complexity on user sep-

aration while maintaining low peak-to-average power ratio (PAPR). The QAM modulated

symbols are first processed by a DFT and then transmitted over a certain number of sub-

carriers with the OFDM interface. We assume that the precoding is operated after the

codeword-to-layer mapping and DFT spreading . The received signal can then be written as

y[k] = H [k]Gx[k] + n[k], k = 1, · · · , Nsub, (A.9)

where the index k denotes the kth subcarrier or subchannel and Nsub denotes the number of

subcarriers or subchannels occupied by the DFT spread codewords. Note that in (A.9) for

simplicity we assume that the same precoder is used for all tones. Then, as before we can

obtain the SINR for MMSE receiver and each layer at each subcarrier as in (A.3), denoted

by γi,k. The true effective SINR for DFT-S-FDMA can be computed as [15]

SINR′
i,eff =

(
1

1
Nsub

∑Nsub

k=1
γi,k

1+γi,k

− 1

)−1

. (A.10)

With SINR′
i,eff , we can obtain the combined SINR for all layers mapped to the same code-

word. The MCS can then be assigned by the eNodeB. To obtain the precoder for retrans-

missions with quantized channel information for such wideband case, we proceed as follows.

It can be shown that for any choice of precoder G, the true effective SINR of the ith layer

can be upper bounded as

SINR′
i,eff ≤

Ξ̃ i,i

1− Ξ̃ i,i

(A.11)

where

Ξ̃ = (I + G†R̃G)−1G†R̃G

R̃ =
1

Nsub

Nsub∑

k=1

H [k]†H [k]. (A.12)

Thus approximating R̃ by R̂ = PDP † with D = diag{λ1, · · · , λr}, where {λj} can be

computed based on the MCSs assigned for the first transmission, we can obtain a rule for

selecting the precoder for retransmission as described for the baseband MIMO case.



Appendix B Precoding Selection for LTE-A

Based on the ideas provided in Appendix A, we now provide the detailed descriptions for the

proposed precoding selection using the UL precoding codebooks defined in LTE-A standard.

Proposed Precoding Selection

Precoding Selection for nT = 2:

We first consider the case of nT = 2. For nT = 2, multi-codeword transmission through UL

MIMO only happens when r = 2, i.e., the full rank case. Then the precoding vector for

the original transmission is identity matrix. From (A.6), the channel covariance matrix can

approximated as D = {λ1, λ2}. Assume that the precoding vector for retransmitting one

codeword is g′ = [g′1, g
′
2]

T . Following (A.8), the approximate SINR for the retransmission is

then given by

SINR′(g′) = λ1|g′1|2 + λ2|g′2|2. (B.1)

With the layer-1 codebook given in Table 1, we can see that the first four vectors offer the

same SINR from (B.1), but the last two which utilize only one transmit antenna results in a

smaller SINR. Therefore, the precoding vector for retransmission can be any one of the first

four precoding vectors in Table 1, e.g. the first precoder (of index 0) in Table 1. Since the

original precoding vector is an identity matrix which does not align to any channel matrix,

for the retransmission with a lower rank r′ < r, the better choice is cycling of the precoders

among the first four precoding vectors in Table 1.

Therefore the following text is proposed:

• For nT = 2, the precoding vector for a retransmission can be fixed to any one of the

first four precoding vectors (index 0 to 3) in Table 1, or cycling in time of the first four

precoding vectors (index 0 to 3) in the 1-layer codebook in Table 1 in any fixed order.

Precoding Selection for nT = 4:

We first consider r = 4 in the original transmission. Then again the identity matrix is applied

as the precoding matrix. For retransmission we have r′ = 2 presumed that one codeword

has been successfully decoded. The channel covariance matrix can be approximated as

HH† ≈ D = diag{λ1, λ1, λ2, λ2} where λi is obtained based on the assigned MCSs in the



original transmissions. With the precoding vector G′, the SINR in the retransmission is then

given by

SINR′
i(G

′) =
Ξ ′

i,i

1−Ξ ′
i,i

, (B.2)

where Ξ ′ = (I + G′†DG′)−1G′†DG′. (B.3)

The sum rate can be obtained by
∑r′

i=1 log2(1 + SINR′
i(G

′)). When λ1 = λ2, i.e., the same

MCSs assigned in the original transmission, D becomes an identity matrix. Thus, all the

precoders in Table 3 result in the same sum-rate result. For λ1 6= λ2, we find that when

λ1 6= λ2, for any value pairs of λ1, λ2, the first eight precoders (index 0 to 7) result in the

same sum-rate, so do the last eight precoders (index 8 to 15). But the second group provide

higher rate than the first group. This conclusion is analytically shown in Appendix C based

on the UL precoding codebooks defined in [13, 14] which have a unique feature, i.e., one

entry for each row, to keep the low PAPR for DFT-S-FDMA. Therefore, we propose the

following text for nT = 4.

• For nT = 4, when the latest transmission is full rank, the precoding vector for a

retransmission with rank r′ = 2 can be fixed to be any one of the precoding vectors

of index 8 to 15 in the 2-layer procoding codebook in Table 3, or cycling in time of

the precoding vectors of index 8 to 15 in the 2-layer codebook in Table 3 in any fixed

order.

Note that although the above conclusion is based on the particular codeword-to-layer map-

ping rule for r = 4, i.e., one codeword is mapped to the first two layers (layer-1 and 2) and

the other one is mapped to the last two layers (layer-3 and 4), the presented method can be

easily extended to some other mapping rules.

We now consider the cases of r = 2 and r = 3.

Based on the general procedures described in Appendix A and the analysis given in

Appendix C for UL precoders given in Table 1-4, we obtain the precoding vectors for re-

transmissions of rank r′ = 1. When r = 2, the resulting precoding vectors of r′ = 1 for

different precoding vectors in the original transmission is listed in Table 6. Note that as

shown in Appendix C and Table 9, it is possible for some MCS pairs, the resulting sum-rates

are the same for several precoding vectors. If this happens, we can define any one of them

in the standard. But a simple solution is choosing the one with the lowest index. Also since

the two codewords have the same length, the order of MCSs results in the same order of

transmission block size (TBS). Hence the following text is proposed for nT = 4 and r = 2.



• For nT = 4, when the latest transmission has rank r = 2, the precoding vector for the

retransmission with rank r′ = 1 can be chosen from Table 2 with the indices provided

in Table 6 based on the order of assigned MCSs or TBS sizes and precoding vectors in

the original transmission.

When r = 3, the retransmission can either have rank r′ = 1 or 2. First, we consider

r′ = 1. As shown in Appendix C for a given original transmission rank r = 3, the resulting

precoding vectors do not depend on λj or the order of MCSs. Therefore, the retransmission

precoding vector of r′ = 1 is only a function of the precoder in the original transmission.

We obtain the selected precoding vectors for any MCS pair presented in Table 8. Again we

list the selections with the lowest index given in Table 7. For the case of r′ = 2, we cannot

analytically obtain the best precoders. We then follow the general procedure described

in Appendix A. First, for any pairs of MCSs, {λj} are estimated with the SNR values

achieving 10% BLER for different MCSs, which are presented in Table 5. Thus, for any

pair of MCS assignments, consequently, {λj}, we obtain the best precoding vector (with the

lowest index in the 2-layer codebook) that maximizes the sum-rate. With this procedure,

we find that for a given precoding matrix of r = 3, only two precoders are selected for all

MCS pairs. For most cases, one same precoder is obtained. Only when MCS2 >> MCS1,

we obtain a different precoder. For definition simplicity, we group these two pools with a

simple formula as follows. When MCS2 −MCS1 ≤ 11, we use one set of precoders while

when MCS2 − MCS1 > 11 we use the other. The resulting precoding vector indices for

r′ = 2 are provided in Table 7. Therefore, we propose following text for nT = 4 and r = 3.

• For nT = 4, when the latest transmission has rank r = 3, the precoding vector for the

retransmission with rank r′ = 1 and r′ = 2 can be chosen from Table 2 and Table 3,

respectively, with the indices provided in Table 7 based on the assigned MCSs and

precoding vectors in the original transmission.

Since for r′ = 2, the cases of MCS2 −MCS1 > 11 might be rare, we can also simplify the

definition by using one set of selections, i.e, the set of precoders for cases of MCS2−MCS1 ≤
11.

Appendix C Analysis Based on Agreed UL Precoding

Codebooks for nT = 4

For the case of r = 4 and r′ = 2:



As we can see the UL precoding matrices defined in [13] have only one nonzero entry in

each row. Therefore, we can represent the UL precoder by

G =




eT
i1
...

eT
inT


 , (C.1)

where ej is a length-r vector with only one nonzero element, ej, at the jth entry, and

ej ∈ {1
2
,−1

2
, j

2
,− j

2
}. Therefore, we have

G′†DG′ =
[
e′i1

∗
, · · · , e′inT

∗
]
D




e′i1
T

...

e′inT

T




(a)
=

1

4
diag

{ ∑
j: ij=1

λj, · · · ,
∑

j: ij=r′
λj

}
. (C.2)

where (·)∗ and (·)T denote conjugate and transpose, respectively, and (a) follows the defini-

tion of ej. Thus for r′ = 2, from (B.2) we have

SINR′
l(G

′) =
1

4

∑

{j:|e′ij ,ij=l}
λj, l = 1, 2. (C.3)

The sum rate is then given by

W (G′) = log2

(
1 +

1

4

∑

{j:|e′ij ,ij=1}
λj

)
+ log2

(
1 +

1

4

∑

{j:|e′ij ,ij=2}
λj

)
. (C.4)

Based on the agreed layer-2 codebook given in Table 3, we can see that the indices of

λj pairing would be {(1, 2), (3, 4)}, {(1, 3), (2, 4)}, or {(1, 4), (2, 3)} . Also according to

the codeword-layer mapping rule, i.e., layer-1,2 are mapped to one codeword and layer-3,4

mapped to the other, and the assumption of SINR being the same for the two layers mapped

to one codeword, we have λ1 = λ2 and λ3 = λ4. Since log2 is a concave function, we obtain

log2(1 +
1

4
(λ1 + λ3)) + log2(1 +

1

4
(λ2 + λ4)) = log2(1 +

1

4
(λ1 + λ4)) + log2(1 +

1

4
(λ2 + λ3))

≥ log2(1 +
1

4
(λ1 + λ2)) + log2(1 +

1

4
(λ3 + λ4)). (C.5)

From above equation, we can see that the precoders of index-8 to 15 provide better sum

rate than the precoders of index-0 to 7. Please note if the codeword-layer mapping rule

changes, the resulting precoding selection also changes. So the basic principle would be

using one precoder with one symbol transmitted through two antennas which are for two

different codewords so that each symbol can experience two different channels thus obtain

the diversity gain.



For the cases of r′ = 1:

If r′ = 1, define g
4
= [g1, · · · , gnT

]T . With the definition for the UL precoder given in

(C.1), from (A.8) we obtain

g†R̂g = g†




eT
i1
...

eT
inT


 D[e∗i1 , · · · , e∗inT

]g =
r∑

t=1

λt|g†pt|2 (C.6)

where pt denotes the tth column of P . Since for r = 2 and r = 3, each precoding matrix

has only one nonzero entry in each row, from (C.6), the best precoding vector for rank 1

retransmission would be the one formed by merging all columns of original precoder together.

Thus from Table 2, the precoders of index 16 to 23 will never be the optimal selections.

However, merging all columns of original precoder together (and multiplied with a scalar

ejφ) may result in a precoding vector outside the rank-1 codebook which somewhat expands

the rank-1 codebook. If this is not allowed, we can then obtain the precoding vector as

follows.

For r = 3, we can see for any precoding matrix in Table 4, the second and the third

columns only have one nonzero entry each with the positions denoted by i2 and i3. Therefore,

we obtain

g†R̂g = λ1|g†p1|2 + λ2|gi2|2 + λ3|gi3|2

= λ1|g†p1|2 +
λ2

4
+

λ3

4
, (C.7)

where the second equality holds for the 1-layer precoders of index 0 to 15. Therefore, maxi-

mizing g†R̂g is equivalent to maximizing |g†p1|2 , i.e., only the distance to the first column

of original precoder, which does not depend on λt, consequently, independent of MCS assign-

ments. Due to the QPSK constellation for the entries of precoders, for the same precoder

of r = 3 in the original transmission, the rank-1 precoder selection for retransmissions that

maximizes |g†p1|2 might not be unique. The resulting best rank-1 precoders for retransmis-

sions are given in Table 8. We can see that for each rank-3 precoder, we have 4 or 5 choices.

We can select any one in each row. Here we list the one with the lowest index which is

summarized in Table 7. But any combination of selecting one from each row would be one

of the best choices.

For r = 2, we have

g†R̂g = λ1|g†p1|2 + λ2|g†p2|2. (C.8)



So if we can find a precoding vector in the codebook which maximizes both |g†p1|2 and

|g†p2|2, e.g., the merged vector multiplied with a scalar ejφ, we find the solution which does

not depend on the SINR values or MCS assignment. Above equation can be written as

g†R̂g = λ1(|g†p1|2 + |g†p2|2) + (λ2 − λ1)|g†p2|2

or = λ2(|g†p1|2 + |g†p2|2) + (λ1 − λ2)|g†p1|2. (C.9)

So if we can find a precoding vector that maximizes |g†p1|2 + |g†p2|2 and also maximize

|g†p2|2 for λ1 > λ2 or |g†p1|2 for λ1 > λ2 in the same time, the solution will not depend on

the absolute values of λt. It only depends on the order of λt or the order of MCS assignment

in the original transmission. The results of the optimal precoding selection are provided in

Table 9. We can see that for each rank-2 precoder for original transmission, we have 4 or 2

selections that result in the same rate. For the r = 2 precoders of index 8 to 15, the results

are same for two different orders of λ1 and λ2, meaning that the result precoding selection

is solely based on the original precoder. Since results are not unique, we use the one with

the lowest index which is summarized in Table 7.

For the case of nT = 4 and r′ = 2:

For general r′, with the similar procedures as in (C.6) we obtain

G†R̂G =




∑r
t=1 λt|g†1pt|2

∑r
t=1 λt(g

†
1pt)(p

†
tg2) · · · ∑r

t=1 λt(g
†
1pt)(p

†
tgr′)∑r

t=1 λt(g
†
2pt)(p

†
tg1)

∑r
t=1 λt|g†2pt|2 · · · ∑r

t=1 λt(g
†
2pt)(p

†
tgr′)

...
...

. . .
...∑r

t=1 λt(g
†
r′pt)(p

†
tg1)

∑r
t=1 λt(g

†
r′pt)(p

†
tg2) · · · ∑r

t=1 λt|g†r′pt|2




.(C.10)

For r′ = 2, we have

G†R̂G =

[ ∑r
t=1 λt|g†1pt|2

∑r
t=1 λt(g

†
1pt)(p

†
tg2)∑r

t=1 λt(g
†
2pt)(p

†
tg1)

∑r
t=1 λt|g†2pt|2

]
. (C.11)

From (C.11), it is hard to obtain the precoding selection results analytically. We then rely

on the semi-analytical evaluations using the SNR thresholds described in Appendix A.
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Table 1: 3-bit precoding codebook for uplink spatial multiplexing with two transmit antennas 
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Table 2:  6-bit precoding codebook for uplink spatial multiplexing with four transmit antennas: 
precoding matrices for 1-layer transmission. 

 



 

 

 Codebook 

Index 

0 to 7 

















− j0

10

01

01

2

1  



















j0

10

01

01

2

1  



















−

10

10

0

01

2

1 j  



















−

−

10

10

0

01

2

1 j  



















−

−

j0

10

01

01

2

1  



















−

j0

10

01

01

2

1  



















10

10

0

01

2

1 j  



















−10

10

0

01

2

1 j  

Index 

8 to 
15 


















10

01

10

01

2

1  



















−10

01

10

01

2

1  



















−

10

01

10

01

2

1  



















−

−

10

01

10

01

2

1  



















01

10

10

01

2

1  



















−

01

10

10

01

2

1  



















− 01

10

10

01

2

1  



















−

−

01

10

10

01

2

1  

Table 3:  6-bit precoding codebook for uplink spatial multiplexing with four transmit antennas: 
precoding matrices for 2-layer transmission. 
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Table 4:  Precoding codebook for uplink spatial multiplexing with four transmit antennas: precoding 
matrices for 3-layer transmission. 

 

 



 

 

MCS index 1 2 3 4 5 6 7 8 9 10 

Code Rate 0.1172 0.1533 0.1885 0.2451 0.3008 0.3701 0.4385 0.5137 0.5879 0.6631 

Modulation 2 2 2 2 2 2 2 2 2 2 

SNR thr. (dB) -5.7573 -4.6 -3.6737 -2.4722 -1.653 -0.5927 0.3009 1.2676 2.1866 3.0855 

MCS index 11 12 13 14 15 16 17 18 19 20 

Code Rate 0.3320 0.3691 0.4238 0.4785 0.5400 0.6016 0.6426 0.4277 0.4551 0.5049 

Modulation 4 4 4 4 4 4 4 6 6 6 

SNR thr. (dB) 3.4869 4.1448 5.0704 5.9889 7.1167 8.1354 8.6796 9.5877 10.0631 11.1434 

MCS index 21 22 23 24 25 26 27 28 29   

Code Rate 0.5537 0.6016 0.6504 0.7021 0.7539 0.8027 0.8525 0.8887 0.9258   

Modulation 6 6 6 6 6 6 6 6 6   

SNR thr. (dB) 11.881 12.8718 13.5842 14.8147 15.8 16.6765 18.0511 18.5756 19.6514   

Table 5:  SNR threshold targeting 10% BLER for 29 MCSs in 3GPP. 

 

 

precoding index for r=2 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

precoding index for retransmission 
(MCS(layer-1)>=MCS(layer-2)) 0 0 12 12 8 8 4 4 4 0 2 6 5 2 0 7 

precoding index for retransmission 
(MCS(layer-1)<MCS(layer-2)) 5 4 1 0 5 4 1 0 4 0 2 6 5 2 0 7 

Table 6:  Precoding matrix indices for retransmission  r’=1 when r=2 (original) and nT=4. 

 

 

Precoding index for r=3 0 1 2 3 4 5 6 7 8 9 10 11 

Precoding index for r'=1 0 8 0 2 2 0 0 2 2 0 1 0 

Precoding index for r'=2  
(MCS2-MCS1<=11) 0 4 8 10 12 14 12 13 8 9 2 3 

Precoding index for r'=2  
(MCS2-MCS1>11) 8 8 0 0 0 0 0 0 0 0 8 8 

Table 7:  Precoding matrix indices for retransmission r’=1 or 2 when r=3 (original) and nT=4. 

 

 

 

 

 

 

 

 



 

 

r=3   r'=1   

0 0 1 2 3   

1 8 9 10 11   

2 0 4 8 12 16 

3 2 6 10 14 17 

4 2 5 8 15   

5 0 7 10 13   

6 0 5 10 15   

7 2 7 8 13   

8 2 4 10 12 20 

9 0 6 8 14 21 

10 1 3 8 10   

11 0 2 9 11   
 Table. 8: Precoding matrix indices for retransmission r’= 1 nT=4 when original transmission uses r=3 

precoder. 

 

r=2   

r'=1 

λ1>λ2       

r'=1 

λ1<λ2     

0 0 1 2 3 5 7 12 14 

1 0 1 2 3 4 6 13 15 

2 12 13 14 15 1 3 8 10 

3 12 13 14 15 0 2 9 11 

4 8 9 10 11 5 7 12 14 

5 8 9 10 11 4 6 13 15 

6 4 5 6 7 1 3 8 10 

7 4 5 6 7 0 2 9 11 

8 4 12    4 12    

9 0 8    0 8    

10 2 10    2 10    

11 6 14    6 14    

12 5 15    5 15    

13 2 8    2 8    

14 0 10    0 10    

15 7 13     7 13     
Table. 9: Precoding matrix indices for retransmission r’= 1 nT=4 when original transmission uses r=2 

precoder. 

 

 

 

 


