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1. Summary

Two layers CRC (cyclic redundancy check), one for turbo code blocks (CB) and the other for
transport block (TB) is adopted in TS 36.212 [1]. At RAN1 Shanghai meeting, two different
CRC generator polynomials [2] are “agreed as working assumption, to be revisited if it is found
that second polynomial is not needed”. This document shows that indeed the second polynomial
is not necessary, i.e. one CRC polynomial is sufficient for two layers CRC.

There are two possible ways to judge a CRC system, namely,

1) Statistic method (relate to specific channel), which computes the probability of
undetectable error based on the given channel. Due to the complexity of mobile radio
channel, so far there is no clear way to use this method in mobile channel.

2) Combinatorial method (not relate to channel), which computes the number of all
possible error vectors that are undetectable by the CRC. Usually this method gives an
upper bound of the probability of undetectable error.

In this document, we use the combinatorial method.
The following two different two layers CRC systems are considered in this document,
e Equal-polynomial-system: Both CB and TB use the same CRC generator polynomial

e Unequal-polynomials-system: CB and TB use different CRC generator polynomial,
respectively.

In [3], a special case of TB with two CBs is considered, which satisfies the following three
conditions:

a) One CB is correctly decoded;
b) The other CB has undetectable error; and
c) Error in TB is undetectable.

The first part of this document contributes to this special case. We calculate the number of error
vectors that satisfy a),b) and c) for both Equal-polynomial-system and Unequal-polynomial-
system. It turns out that they are the same. In the second part of this document we prove the same
conclusion in general, i.e. without the restrictions a),b) and c¢). With this conclusion, we can say
that one CRC polynomial is sufficient for both CB and TB CRC.



2. Polynomial representation of binary vectors and notation on two layers
CRC

Following the convention in information theory we represent a binary vector of size n,
Xgs Xy,----X, 4 Dy @ polynomial X (D) of degree n-1, namely

(Xo’ Xpeeon Xn—l) < X (D) = Xn—an_l + Xn—an_2 + "'X1D + X

In this document we denote L the size of CRC redundancy, G,;(D) the CRC generator
polynomial for TB, and G; (D) the CRC generator polynomial for CB. Denote i-th CB by CB(i)
and its size by k;. In this document, we only consider the case that one TB has N>1 CBs, see
Fig.1. In fact, when N=1 TB CRC is CB CRC.
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Figure 1 Tow layers CRC

An information stream in CB(i) can be represent by a binary polynomial I (D) of degree less than
k; and the codeword after CRC encoding is I (D)D" + CRCg (D) such that degCRC, (D) < L

and 1 (D)D" + CRCg,;(D) =G (D)Q(D) for some polynomial Q(D).

3. Special case: Undetectable error on one code block

Consider a TB of two code blocks. In this section we study a special case that satisfies the
following 3 conditions:

a) One code block, say CB(0), is correctly decoded;
b) The errors in the other code block, say CB(1), is undetectable; and
¢) The errors in TB is also undetectable.

This special case has been considered in [3]. However, the conclusion given by the following
proposition is different to that in [3].

Proposition
#{Error vectors satisfying a), b) and c) | G;; (D) = G, (D)}

=#{Error vectors satisfying a), b) and c) | G,;; (D) = G (D)}
=#{V (D) # 0|degV (D) <k, — L}=24" -1



Proof : See Appendix I.
4. General: Number of all possible undetectable error vectors

Let X,(D),i=0,...,N —1be N systematic vectors (polynomials) for N code blocks CB(i),
1=01...,N—-1.Thendeg X, (D) <k, . Let CRC,;(D) be the CRC redundancy of TB, then

i1
L+ij

fxi(D)D{ }+XO(D)DL+CRCTB(D) =Gy (D)H(D) (EQ-2)

Let CRC,(D) be CRC redundancy of CB(i). Then
X,(D)D" + CRC,(D) =G (D)Q,(D),i =0,...,N-1

An error vector on a TB after turbo decoding can be represented by a polynomial E(D) of degree
N-1

at most Z(ki + L)+ (k, +2L) —1. This error polynomial can be decompose into
i=1

E(D) = E,,(D)D*" "= 4 ...+ E (D)D" + E (D)D"**" + E,(D) (EQ-3)

wheredeg(E, (D)) < k, +2L and deg(E, (D)) <k, + L for i=1,...,N —1. Moreover, we denote
E;(D)=E,,(D)D" +E,,(D), i=01,-,N-1

such that degE,, (D) <k, +L and degE; (D) <k; for i>0, and degE, ,(D) <Lfor i>0. If the

error vector E(D) is undetected by two layered CRC, then

E;.(D)D" +E; ,(D) = G5 (D)V,(D),i =0,...,N -1 and
Ey1a (D)D" 4o 4 B,y (D)D" + B, (D)D" + By, (D) = Gy (D)W (D) (EQ-4)

Theorem
#{Error vectors undetectable by two layered CRC|G,; (D) = G, (D)}

= #{Error vectors undetectable by two layered CRC | G,; (D) # G; (D)}

N

— #{U (D) = 0| degU (D) < iki}: A

Sketch of the proof: Without using the condition of either G5 (D) = G, (D) orG.5(D) # G5 (D),
we prove the following two facts.



Fact 1: For any given error vector E(D) undetectable by two layered CRC, there exist a
N-1
polynomial U (D) of degree less than Zki such that E(D) is uniquely determined byU (D) .
i=0
N-1

Fact 2: Given any polynomial U (D) of degree less than Zki an error vector E(D) that will be
i=0

undetected by two layered CRC can be constructed.

See Appendix Il for detailed proof.
5. Conclusion

It is proved that the number of possible error events that undetectable by two layered CRC does
not depend on whether G; (D) = G5 (D) orG.; (D) # G5 (D). Therefore, we suggest using one

generator polynomial for both CB and TB CRC.
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7. Appendix I: Proof of Proposition

To prove the proposition we need the following well known lemma.

Lemma 1 Let G(D) be a binary polynomial. Then for any given binary polynomial Y (D) there
exist two unique polynomials Q(D) and r(D) such that

X (D) =G(D)Q(D) + r(D) with degr(D) < degG(D) .

Proof of Proposition Let E'(D) be an error vector that satisfy Conditions a)-c). By Condition a)
it must be in CB(1). Thus E'(D) = E(D)D***" with deg E(D) <k, + L. Condition b) tells that
this error vector cannot be detected by CB(1) CRC. Thus, E(D)=G.(D)H (D) with
degH (D) <k,. Let us denote E(D) = E,(D)D" + E,(D) with degE,(D) <k,and degE,(D)<L.
Condition c) implies that E,(D) cannot be detected by TB CRC, i.e. E,(D) =G.;(D)V (D) with
degV (D) <k, - L.



Equal Case ( G;3(D)=G(D) ): In this case we have E (D)=G,(D)V(D) .Thus
Ggs (D)V (D)D" + E,(D) = G, (D)H (D) .This implies E,(D) = 0sincedeg E,(D) < L. Thus

E(D) = E,(D)D" =G, (D)V(D)D".
This implies that E(D) is determined by polynomial V (D) of degree less thank, — L. Therefore

#{Error vectors satisfying a), b) and c) | G;; (D) = G; (D)} <#{V (D) # 0| degV (D) <k, — L}
(EQ-5)

On the other hand, for any polynomial V (D) of degree less thank, — L, take
E(D) = Gg (D)V (D)D" =G, (D)V (D)D" (EQ-6)

Take error vector E'(D) = E(D)D***" as an error vector. This error vector satisfies Condition a).
(EQ-6) implies that E(D) cannot be detected by CB CRC, i.e. satisfy Condition b) is satisfied.
Since the minimal term degree of E(D) is at least L this error vector will passed to TB. Then by

(EQ-6) again E'(D)=E(D)D***" cannot be detected by TB CRC, i.e. it satisfies Condition c).
Therefore

#{Error vectors satisfying1), 2) and 3) | G5 (D) = Gz (D)} >2#{V (D) # 0| degV (D) <k, — L}
(EQ-7)

Combining (EQ-5) and (EQ-7), we have

#{Error vectors satisfying a), b) and c) | G;; (D) = G; (D)} =#{V (D) = 0| degV (D) <k, — L}
=24t 1

Unequal Case (G.; (D) # Gz (D)): By Condition c) E,(D) =G,;(D)V (D).

Thus E(D) =G (D)H (D) =G, (D)V (D)D" +E,(D) with degE,(D) <L =degG.(D) . By
Lemma 1, E,(D) and H(D) are uniquely determined by V(D) . Therefore, E(D) is also
determined byV (D) . Thus

#{Error vectors satisfying a), b) and ¢) | G;; (D) # Gz (D)} <#{V (D) = 0| degV (D) <k, — L} (EQ-8)

On the other hand, for any polynomial V(D) of degree less thank, —L, by Lemma 1 there
always exist tow unique polynomials H(D) and E,(D) such that

G, (D)V (D)D" =G, (D)H (D) +E,(D) with deg E, (D) < L.



Denote E(D) = G, (D)H (D) and take error vector E'(D) = E(D)D***". Then this error vector

satisfies Condition a) and it cannot be detected by CB CRC, i.e. satisfy Condition b). Since
E(D)-E,(D) = G,,(D)V (D)D", the error vector pass to TB is G, (D)V (D)D" which cannot
be detected by TB CRC, i.e. Condition c) is satisfied. Therefore

#{Error vectors satisfyinga), b) and ¢) | G,; (D) # G, (D)} >#{V (D) = 0| degV (D) < k, — L} (EQ-9)
Combining (EQ-8) and (EQ-9), we have

#{Error vectors satisfing a), b) and c) | G,; (D) # Gz (D)} =#{V (D) = 0| degV (D) <k, — L}
=24t -1

We have shown that the numbers of possible error vectors in two cases are the same. This proves
the proposition.

8. Appendix Il: Proof of Theorem

The following well known lemma will be used in the proof.

Lemma 2 Let G(D)be a CRC generator polynomial of degree L. Then, given any polynomial
X (D) there exist a unique polynomial C(D) of degree less than L such that X (D)D" +C(D) s
a code word of this CRC. i.e. X (D)D" + C(D) =G(D)Q(D).

Proof of Theorem: Let E(D)be an error vector after turbo decoding (as defined in Section 4)

such that it cannot be detected by two layers CRC. Then, the individual error vector in CB(i) ,
namely E;(D) as defined in (EQ-2) cannot be detected by CB CRC for i=0,...,N —1. This

implies that E, (D) is a CB CRC codeword, i.e.
E;(D) =E;,(D)D" + E;,(D) = G; (D)Q, (D)

withdegE;,(D) <k; i>0,degEy,(D)<k,+Land degE,(D)<L,i>0. By Lemma2, we
conclude

E;,(D) is uniquely determined by E; (D). (EQ-10)

N-2
ki +L

)3
The error vector after CB CRC is E,,,(D)D™ +---+E,(D)D*"" +E,(D) . By the
assumption of the theorem, this error cannot be detected by TB CRC. This implies

N-2
ki +L

EN—1,1(D)D§ teeet E11(D)DKO+L + EOl(D):GTB(D)U (D) (EQ']-]-)



Thus (E,(D),E,(D),--+,Ey_,,(D)) is determined by polynomialU (D), and so does the error
vector E(D) by (EQ-10). Since the degree of the left side of the polynomial in (EQ-11) is at

N-1 N-1
most > k; + L, the degree of G, (D)U(D)is also at most » k; + L . Thus the degree of U(D) s
=0 =0

N-1
atmost »_k; . This proves

j=0
N-1
#{Error vectors undetectable by two layers CRC |G,z (D) = G5 (D)} <#{U (D) = 0| degU (D) < Z k}

j=0

and

N-1
#{Error vectors undetectable by two layers CRC | G,; (D) # G (D)} <#{U (D) = 0| degU (D) < Z k}
j=0

(EQ-lZ)Ji

N-1
On the other hand, given any polynomial U (D) of degree less than Zki . There exist a

j=0
polynomial vector (E,(D),E,(D),---,E,_,(D)) such that (EQ-11) hold. This shows that the

N-2
ki +L

error vector ENflyl(D)Dg +---+ E,(D)D**" + E, (D) cannot be detected by TB CRC. By
Lemma 2, for every E; (D) there exists a polynomial E;(D)of degree less than k; + Lfor i >0
and deg E,(D) <k, + 2L such that

E/(D) = Eil(D)DL +E;,(D) =G (D)Q (D)

This means that the error vector E,(D) (which may be 0 for some i) cannot be detected by CB
CRC. Therefore the error vector

E(D) = E,(D) + E,(D)D"*"*" + E, (D)D" +... 4 E, (D)D" *n-2*Nt

determined by U (D) will be undetected by two layers CRC. This proves

N-1
#{Error vectors undetectable by two layers CRC|G.; (D) = G; (D)} >2#{U (D) = 0| degU (D) < z Kk}
j=0
and
N-1
#{Error vectors undetectable by two layers CRC |G,z (D) # Gz (D)} >#{U (D) = 0| degU (D) < z k}

j=0

(EQ-13)

With (EQ-12) and (EQ-13), we can conclude



#{Error vectors undetectable by two layers CRC|G,; (D) = G, (D)}
=#{Error vectors undetectable by two layersCRC |G; (D) # G, (D)}

N-1

= #{U (D) = 0| degU (D) < kai}z 25" _q

j=0



