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1. Introduction
In the Sorrento meeting, restricted set of RACH preambles is agreed upon for random access in high mobility cell without changing the existing working assumption on RACH structure. In the following, we show exact formulation for the specification of restricted cyclic shift set for TS 36.211.
2. Definition of Restricted Cyclic Shift
The restricted cyclic shift is proposed to prevent the high Doppler frequency effect in [1] and [2]. The cyclic shift offset 
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 of alias response due to frequency offset depends on the root index 
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. Since the preamble generation can be done in time domain or frequency domain, the relation between 
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 and 
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 also depends on the generation domain. 
If  ZC sequence is generated at frequency domain and cyclic shift is applied at time domain, then 
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 is given by
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On the other hand, if ZC sequence is generated at time domain and cyclic shift is also applied at time domain, then 
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 is given by

[image: image8.wmf](

)

,

1/

offu

cNmu

=×-

,                                                                                                                                         (2)
where 
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 is the smallest positive integer for which 
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 is an integer and 
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 is the length of ZC. There is other formulation for Eq. (2) which is simply related with the inverse of root index, that is, 
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Using conjugate property of ZC sequence, the distance between the main and side lobes can be defined as follow
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Note that the cyclic shift can be realized in frequency domain by simply multiplying the exponential wave on the ZC root sequence, which can save the DFT-S operation for RACH preamble generation at UE-side.
3. Consideration about Cyclic Shift of Multiple of NCS
In [4], from the 
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 root Zadoff-Chu sequence, random access preambles with zero correlation zone are defined by cyclic shifts of multiples of  
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   for generic cell.                                                                                               (4)
This definition is proper for low/middle mobility cell, where high frequency offset problem does not matter. However, when the restricted cyclic shift is used for high mobility cell, Eq. (4) does not hold anymore. Specifically, we note that the usable 
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 values are restricted and the number of available ZCZ preamble sequences would become about 1/3 compared to the generic case. For example, figure 1 show how the number of ZCZ preamble sequences can be reduced due to alias responses. Additionally we draw two cases to illustrate the effect of defining cyclic shift position as Ncs multiples. Figure 1(a) (where cyclic shift is allowed at any position) can better utilize the cyclic shift space than Figure 1(b) (where cyclic shift is allowed at the boundary on Ncs multiples). Note that we did not change the Ncs value. Instead we modified only the start position of each cyclic shift.
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(a) Start position of cyclic shift can be anywhere (without pre-defined shift position)
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(b) Start position of cyclic shift aligned with Ncs multiples (with pre-defined shift position) 
Figure 1. Comparison between with and without pre-defined shift position (N=839, M=155, Ncs=100, du=155)
By releasing the constraint that the cyclic shift starts at the Ncs multiples, we can obtain additional restricted cyclic shifts as shown in figure 2. Figure 2 shows the improvement (in percent) of available cyclic shifts. Since this relaxation does not cause any hardware complexity, we prefer to freely define the start positions of cyclic shifts..
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Figure 2. Percent of increased cyclic shifts without pre-defined shift position (N=839)
4. Formula for Restricted Cyclic Shift without pre-defined shift position
To represent the formulation regardless of preamble generation domain, we use Eq. (3) for indicating alias distance relative to the intended response position. Since the number of cyclic shifts per ZC is different according to root indices and Ncs (the number of cyclic shift unit), we can define different formulation for different alias distance range. Note there exist two alias distance ranges where root index is not usable for restricted cyclic shift generation because the alias responses can be not differentiated. The complementary alias distance range is given by 
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 for time domain generation. The number of restricted cyclic shift can be given as following equation

[image: image24.wmf](

)

, /2

()

0,/

CSuu

shiftu

PGRforNdNd

Nd

ow

ì×+££-

=

í

î

                                                                               (5)
Where P is the number of restricted cyclic shift per group, G is the number of cyclic shift groups fit into one preamble sequence, and R is additional restricted cyclic shift from non-integral group (remained cyclic shift space after allocating groups).
Alias distance range 1 : 
[image: image25.wmf](

)

/3

CSu

NdN

£<


In this range, there are 
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 restricted cyclic shifts per group, and the width of each group is 
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. Then, additional cyclic shift count available for restricted cyclic shift is 
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 if 
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 is positive. Assuming the first start position of a group to be 0, then restricted cyclic shift can be defined as 
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and alias will be found at
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where 
[image: image36.wmf](

)

N

×

 is modular operation with respect to 
[image: image37.wmf]N

.
For example, figure 3 shows that there is 1 group with 3 available cyclic shifts and 2 additional cyclic shifts in case of Ncs=40, du=150. In this example, total number of restricted cyclic shift is 5.
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Figure 3. Example of restricted cyclic shifts without pre-defined shift position (N=839, Ncs=40, du=150)

Alias distance range 2 : 
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In this range, the number of available cyclic shift per group is given by 
[image: image40.wmf](

)

2/

uCS

PNdN

êú

=-×

ëû

, the size of each group is determined as 
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.  The number of additional cyclic shift is selected by small available number among the left and right remainder region. The number of additional shift is  
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 if this value is positive. The start point of i-th restricted cyclic shift defined same to equation 6.1 with upper parameters.
For example, figure 4 shows that there 4 group with 1 element and 1 remainder elements in case of Ncs=40, du=399. In this example, total number of restricted cyclic shift is 5.
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Figure 4. Example of restricted cyclic shifts without pre-defined shift position (N=839, Ncs=40, du=399)
5. Formula for Restricted Cyclic Shift with pre-defined shift position
With restriction, the generation of restricted cyclic shift changed. Each alias distance range, there are 
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 group with 
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 elements and 
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 remainder elements. The total number of cyclic shift defined as follow
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Assuming the first start position of a group to be 0, then restricted cyclic shift can be defined as 
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and the corresponding alias will be found at 
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where 
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Alias distance range 1 : 
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In this region, there are 
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. The number of second additional cyclic shift is 
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 for alias distance range 1. 
For example, figure 5 shows that there is 1 group with 3 available shifts and 2 additional shifts in case of Ncs=40, du=150. In this example, total number of restricted cyclic shifts is 5. 
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Figure 5. Example of restricted cyclic shifts with pre-defined shift position (N=839, Ncs=40, du=150)

Alias distance range 2 : 
[image: image63.wmf](

)

(

)

/3/2

uu

NdNd

££-


In this range, the number of available cyclic shift per group is given by 
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, the size of each group is determined as 
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. The number of additional shift is 
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, then additional possibility should be checked. That is, 
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.For example, figure 6 shows that there 3 group with 1 available cyclic shift, 
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 in case of Ncs=40, du=399. In this example, total number of restricted cyclic shift is 4.
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Figure 6. Example of restricted cyclic shifts with pre-defined shift position (N=839, Ncs=40, du=399)
6. Conclusion
We showed exact formulation for the generation of restricted cyclic shifts. 
(  Since the number of available cyclic shifts obtained by not aligning the start position of each available shift on the multiple of Ncs is larger than the case with shift position alignment on Ncs multiples, we prefer the first formulation. 
(  We propose that these derivations are captured in TS 36.211.
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