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1 Introduction

Tail-biting termination that gives equal states at beginning and the end of encoding is
needed for today’s turbo decoding. 3GPP Rel.6 suggests using 6 bits outsize the
interleave to terminate the trellis to O state which is also the initial state. It was
suggested that turbo coding in 3GPP LTE to use the tail-biting termination without
adding extra terminating symbols. This will require tail-biting (or circular) encoder,
that is for any possible information sequence there always exists an initial state for the
encoder such that the final state equals to the initial state. However, in R1-062157 [1],
it is shown that Rel.6 turbo encoder [2] is not tail-biting encoder for 1/7 of all possible
information sequences. On the other hand, the channel coding system of 3GPP LTE
has to support arbitrary number of information bits from a consecutive range of
integers (e.g. Rel.6 supports the size from 40 to 5114). Therefore, in order to use tail-
biting encoder in 3GPP LTE, it is necessary to solve the problem for 1/7 possible
length of information sequence.

In this document, we first show that all turbo codes have the same problem. A
detailed analysis on tail-biting encoder of all possible 8 states turbo codes is also
given. We than propose a method which gives all possible information sequence a
tail-biting termination with maximal one dummy symbol within the interleaved block.
With this tail-biting method we can now claim that tail-biting encoding will not limit
the size of information sequence but only give the limitation of interleave size.

2 Tail-biting encoding
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Figure 1, Turbo code.
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Definition of tail-biting encoder: Let ug,uy,...,ux| be the information sequence sent
to one of the encoders of a turbo code such that S,,Si,..., Sk be the corresponded
states sequence. The encoding is tail-biting (or circular) for this given information
sequence if and only is Sy=Sk.

The performance curve Fig.2 cited from [3] shows the benefit of using tail-biting
encoding.

Measured Bit Error Rate

Eb/No in dB

Figure 2. Bit-error rates for four decoders working with the R = 1/2 memory 6 code (554, 744) [3]

3 State-space realization of convolutional encoder and
the necessary and sufficient condition of tail-biting
encoder

In this section we recall the definition of state-space realization of convolutional
encoder from [4-6]. Using this realization we will give the necessary and sufficient
condition of tail-biting encoding.

Consider a rate ko/ng convolutional encoder of degree m, let the input sequence be
u=(Ug,---,Uy,) where u =(u, ,,--,u,) and the output sequence be

X = (X, -+, Xy_,) Where x, =(x ) . Moreover, let St =(s\,-++,s") be the

ing-1>"" " X0
encoding state at time t. Then there exists an m by m matrix A, m by k¢ matrix B, n

by m matrix C and ko by ny matrix D, which is called state-space realization of the
encoder, such that
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ST = (s 8)T = ALY +Bul = AST | +BuT (EQ-)

and XtT =CS:[|-_1 + DUtT . The generate matrix of this convolutional encoder is

C(A,B,C,D)=G(x)=D+C(x'l_—A)"'B (EQ-2)

Example 1 Consider convolutional encoder in Rel.6 turbo code depictured in Fig.3.

The encoder has degree 3 and s; =s. "' +s; ' +U,,s; =s;',S; =S, . Thus,

010 0
1 01 1
A=|{0 0 1,B=|0|,C= ,D=
0 00 1
1 10 1
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Figure 3. 1st constituent convolutional encoder of Rel.6

In [7], a sufficient condition is given for an encoder being tail-biting for any
information sequence with a given block size. In the following, we prove this
condition is necessary for an encoder with minimal degree (i.e. the number of states
cannot be reduced).

Theorem 1 Let the matrices (A,B,C,D) be the state-space realization of a
convolutional encoder with minimal degree m. This encoder is tail-biting for any
information sequence of block size N>m if and only if AN+, is invertible.

Proof Let U=(U,,---,Uy_) be any information sequence of size N. Let

(Sr(nhi{,---,SéN))T be the final state of the encoding with the given information
sequence, than by (EQ-1) we have

N-1
(S(N) ,..’séN))T =AN (S(O) "',S(()O))T +ZAN717FBUT

m-1>° m-1° r
r=0

Thus, the encoding is tail-biting for the given sequence if and only if

(s s = (5 57).

m-12 m-1>

This implies that there is a solution to the system of linear equations
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N-1
(A" 1,05y, 87) T = D A" Bu; (EQ-3)

m-1>"
r=0

where | is m by m binary identity matrix. On the other hand, by [6], degree m is

minimal if and only if the m matrices B,AB,...A™'B are linear independent. This

implies that EIAN*H Bu! can run over entire space {0,1}" when N>m with all
r=0

possible input sequences of size N. This implies (EQ-3) has a solution for all possible

information sequences if and only if AN+I,, is invertible. This proves the theorem.

4 Tail-biting encoding is not perfect

It was stated in [1] that turbo encoder in Rel.6 [2] may not offer tail-biting for
information sequence of size multiple of 7. In this section, we show that any encoder
has this defect, but may with different number. Since turbo code uses recursive
convolutional encoder as its constituent encoder (see [9]), in the following we will
only consider recursive encoder.

Theorem 2 For any recursive convolution encoder of minimal degree m there exists a
positive integer P such that this encoder gives no tail-biting termination for some
information sequences of size tP (t>0).

Proof. Let (A,B,C,D) be the state-space realization this convolutional encoders. Since
there are finite number of m x m binary matrices, there exist two positive integers, u
and v, such that A"=A". Suppose u<v. then we have A"(AY™"+1,,)=0. Let P=v-u, we
have

a) Both A" and A"+I,, is none invertible
b) A"invertible but A"+, =0 ( i.e. none invertible)

¢) A"+, invertible but A"=0. This implies G(x)=D+B(x 'Ix-A)"'C is a polynomial
matrix [8]. Thus the encoder is none recursive. This gives a contradiction.

Therefore, A™+1,, must be none invertible. Moreover, for any integer t>0, suppose
AtP + Irﬂ — (AP + Im)(A(H)P + A(t72)P 4ot Im)
is invertible. Then there exists and m by m matrix V such that
(AP+Im)(A(I—l)P+A(l*2)P+...+Im)V:Im
That is to say A+, is invertible, which contradicts the previous conclusion.
Therefore, AT+, is also none invertible. Thus by Theorem 1, this recrsive encoder
does not give tail-biting termination for some information sequence of size tP.

Based on Theorem 2 there is no need to choose other turbo code for tail-biting
purpose.
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5 Tail-biting on 8 states (m=3) turbo codes

In this section we investigate all possible degree 3 convolutional encoders for turbo
code and try to find which one is best for tail-biting. Let us recall the definition of
similarity of two m by m matrices. Two m by m matrices A; and A, are said similar if
there exists a invertible matrix S such that A;=SA,S™. It is easy to prove that code
with state-space realization (A,B,C,D) and (SAS'I,SB, CS'I) have the same encoder
matrix G(x) (also see [10]). The set of all 3x3 binary matrices can be partitioned into
several classes such that every class contains all similar matrices. Those classes also
can be divided to 3 big categories, namely I) classes with invertible matrices, II)
classes with nilpotent matrix and IV) classes with none invertible and none nilpotent.
In fact, there are 14 such classes. Therefore, we only need consider 14 matrices that
representative of each class.

1) Nilpotent (3 representatives)

A= A=

000 010
000 00 0| A=
000 000

Obviously, these matrices are none recursive and will not be considered as a
constituent encoder of turbo code

2) Non-invertible and non-nilpotent (5 representatives)

100 010 100
000 A=1 0 0 A= 010
000 000 000
Encoder with these 4 state matrices will give a disconnected memory. The encoder

with disconnected memory will not give the best d, needed by turbo codes (see [10]).

010
011
00 1

Since A33 + 1, is non-invertible, according to Theorem 1 the encoder (A,B,C,D) either

A =

A=

1 11
00 0 t>1>A+1,=
000

is not minimal degree or it is not tail-biting for some information sequences. For
examples, a) take B=[1 1 1]", we have BA=[0 1 0]" and BA’=[1 0 1]". Then (EQ-3)
has no solution for many information sequences of size >2; b) take B=[1 1 0], then
the encoder can be reduced to a degree 2 encoder (A’,B’,C’,D) with

A':F 1} and B.:H.
01 1

3) Invertible (6 representatives)

Ay=I3 which gives a disconnected memory encoder.
001
A,=|0 1 0
1 00

The encoders with these matrices have disconnected memory.

1 01
010
1 00

_>A120=|3An= _>A131=|J
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01 1 001 111
A =[1 0 1[>A=I,A+I={0 0 1A +I=[1 10
11 0 0 00 0 00 0
[0 1 0 110
A,=|0 0 1|>AL=1,A+l,=[0 1 1
1 10 111

The turbo code of Rel.6 uses convolutional encoder with A;s as a state matrix. Further
more we have

[0 0 1 101 110 010
A=l1 1 O A +1,=[1 0 0, Al=|0 1 1 ,AS+1,=(0 0 1|,
0 11 010 111 110
[0 11 111 111 0 1 1
A=|1 1T 1AL +1L,=|1 0 1A =[1 0 1 A +lL,=[1 1 1}
1 01 100 100 101
o 1 00
=11 0 0LAS+I,=|1 1 0
010 01 1
01 0 1 10
A,=10 0 1|>A,=1,A,+1;=[0 1 1|
1 01 1 00

Duo-binary turbo code [11] uses A4 as its constituent encoder Fig.4.
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Figure 4. Duo-binary turbo code

Moreover, we have

001 101 101 001
A=[1 0 LA +L,=[1 1 1A, =1 1 1A, +,=[1 0 1}
11 1] 110 110 111
11 1] [0 1 1 10 010
Ab=1 1 0LAL+1,=[1 0 O A,=(0 1 1,A,+1,=[0 0 1|,
10 1 1] K 0] 1 00 1 01
[0 1 1 11 1]
AL=1 0 OLAS+I,=|1 1 0
0 10 01 1]

Furthermore, we can have the following proposition.

Proposition 1 Let A=A;; or A4. Then for any positive integer n=7q+i, 0<i<6,
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. 0 i=0
A+l =A"+1, =1 ] )
invertible i#0

We may extend Proposition 1 to the following.

Proposition 2 Let m=2,3,4,5,6. There exists an m by m binary matrix A such that

A= Im. Moreover, for any such matrix A and any positive integer n=pq+i,
0<i<p-1, where p=2"-1,
i | 0 i=0
A+l =A+1, =1. ) )
invertible i#0

6 New tail-biting termination method for arbitrary
information length

Proposed tail-biting termination method for arbitrary number of
information symbols

In the following we only give the method for m=3 since the most likely 3GPP LTE
will adapt 8 states turbo code. For the case m=2 and m>3 the method is similar.

Let (A,B,C,D) be state space realization of the 8 states convolutional encoder with A
being similar to either A3 or A4 listed in the last section.

I) Pre-compute the followings states for i=1,2,3.,4,5,6

0 0 0
S =(A+1,)"0,S, =(A"+1)7| 1S, =(A+1,)" 1],
1 0 1

1 1 1 1
Sia =(A'+1)7"0 »Sis =(A'+1)7"0 »Si6 =(A'+1,)"1 ,Si =(A'+1,)"1
0 1 0 1

II: Pre-store the above 42 index-state pairs as a look-up-table L(i,bp)) = Sip, where
b=1,2,3,4,5,6,7 and by is the 3 bits binary representation of b. Moreover, let L(1,0)=0
state.

IIT) Tail-biting encoding method for information block size = k. Let up,uy,...,ux; be
the information symbols.

1. Let m=(k mod 7). If m=0, pad one more symbol u=0 and let N=k+1 and M=1,
otherwise let N=k and M=m.

2. With 0 state encoding information symbols uy, uj,...,un.; to find the final state
Stinal (do not store the encoded symbols). Then use Look-up table to find the
initial state So=L(M, Sina1).
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3. Use Sy as initial state to encode ug,uy,...,uUn-|

This tail-biting termination can be proved by Proposition 1.

The new tail-biting termination method offers
1) Flexibilily: Tail-biting works for any size of information sequence

2) Less overhead: at most one dummy symbol overhead. Better than adding 2m
overhead termination bits for an 2™ state convolutional code used in 3GPP Rel.6
turbo codes and other turbo codes

3) Better performance: all the bits are interleaved while the 6 termination bits are
not interleaved.

7 Conclusion

After showing no turbo encoder can has tail-biting constituent encoder for any
information sequences of arbitrary size, we proposed a tail-biting termination method
for possible 3GPP LTE turbo coding. This method adds one dummy symbol to 1/7 of
all possible information symbol sizes. There is no extra symbol needs to be added to
the other 6/7 information sizes. This efficient method will allow tail-biting
termination for arbitrary information block sizes.
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