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Introduction
A new Rel-17 work item on NR positioning enhancements was approved to support the higher location accuracy and the lower latency requirements for new Industrial Internet of Things (I-IoT) applications and services, [1].
In order to achieve target positioning accuracy defined for the I-IoT uses cases, the procedure, measurement, reporting and signaling for the UL-AOA and DL-AOD methods need to be improved and were agreed for normative work:
	Specify the procedure, measurements, reporting, and signalling for improving the accuracy of
· UL-AOA (Uplink Angle of Arrival) for network-based positioning solutions
· DL-AOD (Downlink Angle of Departure) for UE-based and network-based (including UE-assisted) positioning solutions.


In this contribution, we consider a method for the UL-AOA estimation and analyze the accuracy of the angular-based and hybrid positioning methods (UL-AOA and Multi-RTT+UL-AOA). We propose modifications in measurement report to support an accurate UL-AOA positioning.
The enhancements for the DL-AOD positioning method are proposed in the companion contribution [6].
NR Positioning Design Enhancements for UL-AOA Solution
[bookmark: _Hlk53490318]UL-AOA Estimation Procedure
In this section, we analyze a Multiple Input Multiple Output (MIMO) channel between the transmit and receive multi-element antenna arrays at the UE and gNB (or TRP) side, respectively. First, we describe the spatial channel structure at the TX and RX side, then propose a channel estimation and UL-AOA estimation methods using an existing (defined in Rel-16) structure of UL-SRS resource for positioning.
Without loss of generality and for simplicity of further analytical derivation, we consider a single panel antenna array described by parameters (Ng = 1, Mg = 1, Np = 2, Mp = 2, P = 1) at both TX (UE) and RX (gNB) sides, [2]. Figure 1 shows an example of antenna panel and the associated local coordinate system in that case.
	

	


	(a) 2 × 2 antenna panel
	(b) Associated local coordinate system


[bookmark: _Ref59620455]Figure 1: Example of antenna panel and associated local coordinate system

Figure 2 (a) shows a square antenna array with the number of rows Np = 2 and the number of columns Mp = 2 spaced by the distance dy in the horizontal and dz in the vertical dimension.
Figure 2 (b) shows the associated local coordinate system with the azimuth angle φ and the zenith angle θ. The azimuth angle φ is measured relative to the x-axis and it is positive in a counterclockwise direction. The zenith angle θ is measured relative to the z-axis in a vertical plane corresponding to a given azimuth angle φ.

Spatial Channel Structure
The incident plane wave coming from the spatial direction with the azimuth angle φ and the zenith angle θ can be described by using a wavevector k in a three-dimensional space. It creates a linear phase shift Δφ(ny, nz) for the (ny, nz)th element with respect to the (0, 0)th element defined as follows:
	
,
	[bookmark: _Ref59652412](1)


where ky is the projection of the wavevector k into the y-axis, ny is the element index in the horizontal (y-axis) dimension, kz is the projection of the wavevector k into the z-axis, nz is the element index in the vertical dimension (z-axis), and λ is the wavelength.
The total phase φ(ny, nz) for the (ny, nz)th element can be found as:
	
,
	[bookmark: _Ref59652927](2)


where φ0 is the common phase (identical for all elements) and Δφ(ny, nz) is the linear phase shift introduced in (1).
In order to avoid a two-dimensional indexing and simplify notations, let’s introduce a linear indexing in the form:
	
,
	[bookmark: _Ref61176217](3)


where NA is the total number of antenna elements, NA = Np × Mp.
Using (1) - (3), the NA × 1 channel phase vector hφ(m) for the mth channel sample (corresponding to the mth propagation path) can be written in the form:
	
,
	[bookmark: _Ref59800154](4)


where φ(m) is the azimuth angle and θ(m) is the zenith angle of the mth channel path.
The NA,RX × NA,TX channel matrix h(m) describing the MIMO propagation channel between the TX and RX antenna arrays, can be written as a product of TX and RX phase channel vectors weighted by the complex amplitude as follows:
	
,
	[bookmark: _Ref61178825](5)


where A(m) is the amplitude, φ0(m) is the common phase, φTX(m) is the transmit azimuth and θTX(m) is the transmit zenith angles, and φRX(m) is the receive azimuth and θRX(m) is the receive zenith angles of the mth channel path.

Method for Channel Estimation
The proposed method for channel estimation exploits the spatial channel structure introduced in (5) and applies beamforming at the TX and RX side to estimate hRX,φ(m).
At the TX (UE) side, it applies a constant TX beamforming Antenna Weight Vector (AWV) over successive SRS symbols. At the RX (gNB) side, it performs beamforming sweeping, where SRS symbols are received with different and mutually orthogonal RX AWVs. 
In that case, the spatial channel matrix h(m) defined in (5) is modified by multiplication on the NSRS × NA,RX receive beamforming matrix QRX (on the left) and the NA,TX × 1 transmit beamforming vector qTX (on the right) to produce the resulting NSRS × 1 channel vector hQ(m):
	
,
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where, αTX(m) is the scalar product defined as:
	
.
	(7)


The scalar multiplier αTX(m) is (6) describes the TX beamforming and its impact on the original channel amplitude A(m) and phase φ0(m). 
Figure 2 shows an example of the UL-SRS resource structure with four SRS symbols, NSRS = 4. The SRS symbol is received by gNB/TRP with a different RX AWV (shown in blue) and transmitted by a UE with the constant in time (independent on the SRS symbol index) TX AWV qTX (shown in red). 
The RX AWV consists of NA,RX elements corresponding to the total number of elements in the receive (gNB) antenna array, NA,RX = 4.


[bookmark: _Ref59717623]Figure 2: Example of UL-SRS resource structure utilized for channel measurements with NSRS = 4

In the considered example, each of the RX AWV is selected as a row of the normalized Hadamard matrix, defined in the form:
	
,
	[bookmark: _Ref59720309](8)


where QRX is the NSRS × NA,RX receive beamforming matrix, with NSRS = 4 and NA,RX = 4.

To estimate the beamformed NSRS × 1 channel vector hQ(m) we use SRS pilot symbols defined in the frequency domain. The detail derivation of the channel estimate can be found in Annex A.
The derived channel estimate can be written as follows:
	
,
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where w(m) is the NSRS × 1 noise vector with zero mean and variance σW2 (see Annex A).
To estimate the original NA,RX × 1 channel vector hRX,φ(m), containing the UL-AOA information, we multiply the left and right sides in (9) by the inverse matrix QRX-1. In case of the normalized Hadamard matrix example defined in (8), the inverse matrix is equal to the original matrix, i.e. QRX-1 = QRX, and the channel estimate can be found as:
	
.
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The, multiplication by the matrix QRX in (10) enables to obtain the channel estimate for each antenna element in the array.

Method for UL-AOA Estimation
The proposed method uses the channel estimate hest(m) introduced in (10) and applies a multi-dimensional optimization to estimate UL-AOA azimuth angle φRX(m) and zenith angle θRX(m).
We use a Maximum Receive Power (MRP) algorithm for the UL-AOA estimation. The MRP algorithm maximizes the receive power for the mth channel sample (corresponding to the mth propagation path), using optimization with respect to vector u, subject to constraint that vector u has a unit power:
	
,
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where u is the NA,RX × 1 vector combining the inputs from NA,RX antenna elements. 
To solve (11), we use a Lagrange dual function approach, by augmenting Pm(u) with the a constraint function weighted by the Lagrange scalar multiplier λu:
	
.
	[bookmark: _Ref59807128](12)


Taking derivatives of (12) with respect to each variable and forcing them to zero, we have the following system of two equations:
	
,
	[bookmark: _Ref59807934](13)


where C(m) is the NA,RX × NA,RX channel matrix defined as:
	
.
	[bookmark: _Ref59824579](14)


The optimal solution for vector u can be found in the form:
	
,
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where φ is the estimate of the azimuth angle φRX(m) and θ is the estimate of the zenith angle θRX(m). 
Finally, substituting vector uopt into (11), we can find the Pm(φ, θ) as a scalar function of the azimuth and zenith angles φ and θ, respectively:
	
.
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The (φ, θ) angles that maximize Pm(φ, θ) function defined in (16) provide an estimate of the UL-AOA. The maximization problem in (16) can be solved using numerical methods, for example, gradient algorithm.
Next section describes the modifications in the measurement report that need to be introduced to improve the accuracy of the UL-AOA network-based positioning accuracy.

UL-AOA Reporting and Signaling
In this section we propose modifications that need to be introduced into the measurement report to support an accurate UL-AOA estimation, [3] - [5] and resolve the following AOA estimation problems.

Azimuth Angle Ambiguity
We plot Pm(φ, θ) function defined in (16) for the case of 4 × 4 antenna array with the dy = dz = λ/2 in Figure 3.
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	(a) Pm(φ, θ)
	(b) Pm(φ, θ= θ(m)) or Pm(φ= φ(m), θ)


[bookmark: _Ref61195538]Figure 3: Pm(φ, θ) for 4 × 4 antenna array and mth channel path with (φ(m) = 200, θ(m) = 1200)

Figure 3 (a) shows an example of two-dimensional functions Pm(φ, θ) for a 4 × 4 antenna array. In the provided example, the azimuth and zenith angles of the mth channel propagation path are equal to φ(m) = 200 and θ(m) = 1200, respectively, defined in the system of coordinates introduced in Figure 1 (b).
Figure 3 (b) shows an example of one-dimensional functions Pm(φ, θ = θ(m)) and Pm(φ = φ(m), θ), corresponding to the section of the two-dimensional function provided in Figure 3 (a) for the constant θ = θ(m) and φ = φ(m) angles, respectively.
As follows from Figure 3, there are two maxima of the function Pm(φ, θ) corresponding to the azimuth angles φ = φ(m) and φ = π - φ(m) and the zenith angle θ = θ(m). The azimuth angle has an ambiguity due to sine function property:
	
.
	(17)


The incident directions from the frontside and the backside of antenna array cannot be distinguished (see Figure 1 (b)). The vector uopt includes both solutions, that need to be further processed to resolve the ambiguity.


· If the antenna panel can receive the signal from both frontside and backside directions, then the UL-AOA azimuth angle has an ambiguity between φ and (π - φ) solutions
· The existing UL-AOA information element contains one of the solutions for the azimuth angle (φ or π - φ) and does not include the second solution

If the LMF entity has information specifying the TRP antenna array orientation in the local coordinate system, then it can restore both φ and (π - φ) angles using one of the observations. If this information is not available, then gNB needs to report both φ and (π - φ) solutions to LMF.
Based on the provided considerations, we propose two options to report the angular information from gNB to LMF:


Support reporting by gNB of two UL-AOA azimuth angles φ and (π – φ) in addition to the zenith angle θ from gNB to LMF

Alternatively, we can specify how the antenna array is associated to the local coordinate system. In that case, LMF may compute the second angle based on the report of the first angle. 

(Alternative to Proposal #1)
Specify the TRP antenna array orientation in the local coordinate system

Linear Horizontal Array Angular Report
We plot Pm(φ, θ) function defined in (16) for the case of 1 × 16 linear horizontal antenna array with the dy = dz = λ/2 in Figure 4. It exploits the same channel example and notations considered above.
	[image: ]
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	(a) Pm(φ, θ)
	(b) Pm(φ, θ= θ(m)) or Pm(φ= φ(m), θ)


[bookmark: _Ref61210987]Figure 4: Pm(φ, θ) for 1 × 16 linear horizontal antenna array and mth channel path with (φ(m) = 200, θ(m) = 1200)

As follows from Figure 4, the optimal solution for the azimuth angle φ and the zenith angle θ cannot be decoupled. The channel estimate for the horizontal array includes the product of sin(θ) × sin(φ) and does not include the cos(θ) phase term, since there are no antenna elements in the vertical dimension (see (1)). 
In that case, the sine function of the measured angle φ’ can be represented as a product of sin(θ) × sin(φ):
	
.
	(18)




· If the antenna panel is configured as a linear horizontal array, then the UL-AOA cannot be decoupled between the azimuth angle φ and the zenith angle θ measurements
· In that case the sine function of the measured angle φ’ can be found as a product of sin(θ) × sin(φ)
· The UL-AOA azimuth angle φ and zenith angle θ are reported separately and the existing UL-AOA information element does not enable to report the measured angle φ’ 

Although the azimuth and zenith angle measurements cannot be decoupled, the measured product sin(φ’) = sin(φ) × sin(θ) still can be used in the positioning equations to estimate the UE coordinates.
Figure 5 shows an example of a UE coordinates estimation by means of the sin(φ’) measurements for the linear horizontal array.
	

	


	(a) Horizontal plane view
	(b) Vertical plane view


[bookmark: _Ref61257556]Figure 5: Example of UE coordinates estimation by means of sin(φ’) measurements for linear horizontal array

Figure 5 (a) and (b) show the horizontal and vertical plane view, respectively. The lth TRP has known coordinates denoted as (xl, yl, zl) and a UE has unknown coordinates (x, y, z) to be estimated.
Using illustrations in Figure 5, we can find the estimates of sin(φ) and sin(θ) from simple geometry as follows:
	

, .
	(19)


Therefore, the sin(φ’) is given by:
	
.
	(20)


Note, if z = zl, i.e. a UE and the lth TRP are placed at the same height, then sin(φ’) = sin(φ):
	
.
	(21)


Based on the provided considerations, we propose the following option to report angular information in case of the linear horizontal array:


Support UL-AOA φ’ = arcsin(sin(φ)×sin(θ)) angle reporting for the linear horizontal array, where φ is the azimuth angle of arrival and θ is the zenith angle of arrival
Further discuss if it is necessary to indicate information on antenna array structure/type

LOS/NLOS Links Detection/Identification
The LOS/NLOS links detection/identification is an important feature for the accurate UL-AOA positioning.
The primary information about a UE location is contained in the direct LOS measurements. It includes the propagation distance along the LOS path and corresponding UL-AOA estimates. Figure 6 shows an example of the NLOS propagation channel and its impact on the UL-AOA positioning accuracy.


[bookmark: _Ref61277282]Figure 6: Illustration of NLOS propagation channel phenomenon and its impact on positioning accuracy

In the provided example, red line highlights the LOS channel cluster and blue line highlights the NLOS channel clusters. If a LOS path is not available and the mth NLOS cluster is used for the positioning, then it causes the angular error θAOA(m) relative to the true LOS direction.
The angular errors caused by the NLOS propagation phenomenon may significantly degrade the performance and limit accuracy of the UL-AOA positioning algorithm.


Support signaling indicating the LOS/NLOS link propagation type for UL-AOA positioning
Support signaling of reliability metric (with probability meaning) for NLOS detection (variable u in the range from 0 to 1, with absolute value showing reliability of decision)

Simulation Results
In this section, we provide performance analysis for the distance error in horizontal and vertical plane using the Multi-RTT, UL-AOA, and Multi-RTT + UL-AOA positioning methods in application to the Indoor Factory Sparse High (InF-SH) and Indoor Factory Dense High (InF-DH) I-IoT scenarios. The performance results are provided for both FR1 and FR2 frequency bands. 
We compare the UL-AOA positioning method performance with and without LOS/NLOS detection/identification signaling proposed above. We consider the antenna array (for each TRP) consisting of a single panel with parameters (Ng = 1, Mg = 1, Np = 4, Mp = 4, P = 1). 
FR1 Band

InF-SH Channel Scenario
Figure 7 shows performance comparison of UL-AOA positioning methods with and without LOS/NLOS identification in InF-SH I-IoT scenario in FR1 frequency band. The red line corresponds to the location error in horizontal plane and green line represents location error in the vertical plane.
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[bookmark: _Ref60311867]Figure 7: Performance comparison of UL-AOA methods with and without LOS/NLOS identification in InF-SH I-IoT scenario – FR1 band

As follows from Figure 7, the proposed UL-AOA method with LOS/NLOS identification outperforms the UL-AOA method without LOS/NLOS identification. The UL-AOA with the LOS/NLOS identification enables to achieve 0.2 m accuracy for the 70 % of users in horizontal plane and more than 90 % of users in vertical plane. 
Figure 8 shows performance comparison of Multi-RTT+UL-AOA and Multi-RTT (Figure 8 (a)) and Multi-RTT+UL-AOA and UL-AOA (Figure 8 (b)) positioning methods in InF-SH I-IoT scenario in FR1 frequency band. The UL-AOA uses the LOS/NLOS identification.
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	(a) Multi-RTT+UL-AOA vs Multi-RTT
	(b) Multi-RTT+UL-AOA vs UL-AOA


[bookmark: _Ref60312739]Figure 8: Performance comparison of Multi-RTT+UL-AOA and Multi-RTT or UL-TDOA method in InF-SH I-IoT scenario – FR1 band

As follows from Figure 8 (a), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the Multi-RTT distance only measurements. The usage of UL-AOA improves both horizontal and vertical accuracy and the significant gain is achieved for the location error in the vertical dimension. 
As follows from Figure 8 (b), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the UL-AOA angle only measurements. The usage of Multi-RTT improves the horizontal accuracy and does not provide significant enhancement for the vertical accuracy. 

InF-DH Channel Scenario
Figure 9 shows performance comparison of UL-AOA positioning methods with and without LOS/NLOS identification in InF-DH I-IoT scenario in FR1 frequency band.
[image: ]
[bookmark: _Ref60312319]Figure 9: Performance comparison of UL-AOA methods with and without LOS/NLOS identification in InF-DH I-IoT scenario – FR1 band

As follows from Figure 9, the proposed UL-AOA method with LOS/NLOS identification significantly outperforms the UL-AOA method without LOS/NLOS identification. The UL-AOA with the LOS/NLOS identification enables to achieve 0.2 m accuracy for the 70 % of users in horizontal plane and more than 90 % of users in vertical plane. 
Figure 10 shows performance comparison of Multi-RTT+UL-AOA and Multi-RTT (Figure 10 (a)) and Multi-RTT+UL-AOA and UL-AOA (Figure 10 (b)) positioning methods in InF-DH I-IoT scenario in FR1 frequency band. The UL-AOA uses the LOS/NLOS identification. 
	[image: ]
	[image: ]

	(a) Multi-RTT+UL-AOA vs Multi-RTT
	(b) Multi-RTT+UL-AOA vs UL-AOA


[bookmark: _Ref60313764]Figure 10: Performance comparison of Multi-RTT+UL-AOA and Multi-RTT or UL-TDOA method in InF-DH I-IoT scenario – FR1 band

As follows from Figure 10 (a), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the Multi-RTT distance only measurements. The usage of UL-AOA improves both horizontal and vertical accuracy and the significant gain is achieved for the location error in the vertical dimension. 
As follows from Figure 10 (b), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the UL-AOA angle only measurements. The usage of Multi-RTT improves the horizontal accuracy and does not provide significant enhancement for the vertical accuracy. 
FR2 Band

InF-SH Channel Scenario
Figure 11 shows performance comparison of UL-AOA positioning methods with and without LOS/NLOS identification in InF-SH I-IoT scenario in FR2 frequency band.
[image: ]
[bookmark: _Ref60312484]Figure 11: Performance comparison of UL-AOA methods with and without LOS/NLOS identification in InF-SH I-IoT scenario – FR2 band

As follows from Figure 11, the proposed UL-AOA method with LOS/NLOS identification significantly outperforms the UL-AOA method without LOS/NLOS identification. The UL-AOA with the LOS/NLOS identification enables to achieve 0.2 m accuracy for the 68 % of users in horizontal plane and more than 90 % of users in vertical plane.
Figure 12 shows performance comparison of Multi-RTT+UL-AOA and Multi-RTT (Figure 12 (a)) and Multi-RTT+UL-AOA and UL-AOA (Figure 12 (b)) positioning methods in InF-SH I-IoT scenario in FR2 frequency band. The UL-AOA uses the LOS/NLOS identification.
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	(a) Multi-RTT+UL-AOA vs Multi-RTT
	(b) Multi-RTT+UL-AOA vs UL-AOA


[bookmark: _Ref60313895]Figure 12: Performance comparison of Multi-RTT+UL-AOA and Multi-RTT or UL-TDOA method in InF-SH I-IoT scenario – FR2 band

As follows from Figure 12 (a), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the Multi-RTT distance only measurements. The usage of UL-AOA significantly improves the vertical accuracy and does not improve horizontal accuracy. 
As follows from Figure 12 (b), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the UL-AOA angle only measurements. The usage of Multi-RTT improves the horizontal accuracy and does not provide significant enhancement for the vertical accuracy. 

InF-DH Channel Scenario
Figure 13 shows performance comparison of UL-AOA positioning methods with and without LOS/NLOS identification in InF-DH I-IoT scenario in FR2 frequency band.

[image: ]
[bookmark: _Ref60312576]Figure 13: Performance comparison of UL-AOA methods with and without LOS/NLOS identification in InF-DH I-IoT scenario – FR2 band

As follows from Figure 13, the proposed UL-AOA method with LOS/NLOS identification significantly outperforms the UL-AOA method without LOS/NLOS identification. The UL-AOA with the LOS/NLOS identification enables to achieve 0.2 m accuracy for more than 90 % of users in horizontal plane and more than 90 % of users in vertical plane.
Figure 14 shows performance comparison of Multi-RTT+UL-AOA and Multi-RTT (Figure 14 (a)) and Multi-RTT+UL-AOA and UL-AOA (Figure 14 (b)) positioning methods in InF-DH I-IoT scenario in FR2 frequency band. The UL-AOA uses the LOS/NLOS identification.
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	(a) Multi-RTT+UL-AOA vs Multi-RTT
	(b) Multi-RTT+UL-AOA vs UL-AOA


[bookmark: _Ref60314141]Figure 14: Performance comparison of Multi-RTT+UL-AOA and Multi-RTT or UL-TDOA method in InF-DH I-IoT scenario – FR2 band

As follows from Figure 14 (a), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the Multi-RTT distance only measurements. The usage of UL-AOA improves both horizontal and vertical accuracy and the significant gain is achieved for the location error in the vertical dimension. 
As follows from Figure 14 (b), the hybrid Multi-RTT+UL-AOA approach exhibits better performance compared to the UL-AOA angle only measurements. The usage of Multi-RTT improves the horizontal accuracy and does not provide significant enhancement for the vertical accuracy. 

Based on the presented simulation results we have the following observations:


The proposed UL-AOA method with LOS/NLOS identification significantly outperforms the UL-AOA method without LOS/NLOS identification in terms of horizontal and vertical positioning accuracy


The UL-AOA method with LOS/NLOS identification enables to achieve 0.2 m horizontal positioning accuracy for
70 % of users in InF-SH FR1 
70 % of users in InF-DH FR1 
68 % of users in InF-SH FR2 
more than 90 % in InF-DH FR2 scenario
The UL-AOA method with LOS/NLOS identification enables to achieve 0.2 m vertical positioning accuracy for more than 90 % of users in all considered scenarios


The hybrid Multi-RTT+UL-AOA positioning method enables to achieve 0.2 m horizontal and vertical positioning accuracy for more than 90 % of users in all considered scenarios


The hybrid Multi-RTT+UL-AOA positioning method outperforms the Multi-RTT or UL-AOA method (applied independently)
The Multi-RTT method (as a part of Multi-RTT+UL-AOA) improves the horizontal positioning accuracy and does not improve much a vertical positioning accuracy
The UL-AOA method (as a part of Multi-RTT+UL-AOA) improves both horizontal and vertical accuracy, but the most gain is achieved for the vertical positioning accuracy

[bookmark: _GoBack]Conclusions
In this contribution, we have provided method, measurements, reporting and signaling to support accurate UL-AOA estimation. In summary, we have following list of proposals:

Proposal #1:
Support reporting by gNB of two UL-AOA azimuth angles φ and (π – φ) in addition to the zenith angle θ from gNB to LMF

Proposal #2: (Alternative to Proposal #1)
Specify the TRP antenna array orientation in the local coordinate system

Proposal #3:
Support UL-AOA φ’ = arcsin(sin(φ)×sin(θ)) angle reporting for the linear horizontal array, where φ is the azimuth angle of arrival and θ is the zenith angle of arrival
Further discuss if it is necessary to indicate information on antenna array structure/type

Proposal #4:
Support signaling indicating the LOS/NLOS link propagation type for UL-AOA positioning
Support signaling of reliability metric (with probability meaning) for NLOS detection (variable u in the range from 0 to 1, with absolute value showing reliability of decision)

Annex A
The pilot symbols are defined at the subcarriers with indexes:
	
,
	(22)


where k0(l) is the subcarrier shift (dependent on the OFDM symbol index l), KTC is the comb size defining the actual subcarrier spacing between the adjacent pilots (occupied subcarriers), k is the pilot index, N/KTC is the total number of pilots, and N is the Discrete Fourier Transform (DFT) size.
The receive pilot for the lth OFDM symbol at the subcarrier with index k0(l) + k × KTC can be written in the form:
	
,
	[bookmark: _Ref59784752](23)


where HQ,l(k0(l) + k × KTC) is the channel coefficient, Sl(k) is the pilot signal, and Wl(k0(l) + k × KTC) is the Additive White Gaussian Noise with zero mean and variance σW2. 
Using the pilot property Sl(k) × Sl*(k) = 1 and multiplying left and right sides in (23) by the complex conjugate pilot Sl*(k), gives us:
	
.
	(24)


The corresponding receive signal in time domain for the lth OFDM symbol and the time sample index n can be written as:
	
,
	[bookmark: _Ref59785444](25)


where noise term component wl(n) is defined as:
	
.
	(26)


Substituting HQ,l(k0(l) + k × KTC) represented as a Fourier transform of hl(m):
	
,
	(27)


into (25), gives us:
	
.
	[bookmark: _Ref59786438](28)


The inner sum in (28) represents a discrete unit sample comb function that has the following property:
	
,
	[bookmark: _Ref59787109](29)


where δ(n - m) function is equal to one for (n - m) = i × (N/KTC) and zero otherwise. 
Substituting (29) into (28), yl(n) can be written as follows:
	
.
	[bookmark: _Ref59788301](30)


Therefore, yl(n) represents an estimate of the Channel Impulse Response (CIR) function hQ,l(m), repeated with period N/KTC at the DFT period of length N samples. The phase of the CIR estimate depends on the period index i and the subcarrier shift k0(l).
Figure 15 shows an example of the CIR estimation in time domain obtained on the DFT period equal to N for comb size parameter KTC = 2 and subcarrier shift k0(l) = 1. 


[bookmark: _Ref59787417][bookmark: _Hlk59787938]Figure 15: Channel impulse response estimations in time domain obtained on the DFT period equal to N for comb size parameter KTC = 2 and subcarrier shift k0(l) = 1

If one limits the consideration to the first period with i = 0, then (30) and yI(m) is simplified as:
	
.
	(31)


Combining all estimates yl(m) obtained with successive OFDM symbols into a vector of size NSRS × 1, we get an estimate in a matrix form:
	
.
	[bookmark: _Ref59788794](32)
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