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1. Introduction
At the last RAN4 meeting (RAN4#92-bis in Chongqing) details on how to associate signal correlation, directivity and half power beam-width for an AAS base station was discussed intensively. 
In R4-1912483 [1] it is proposed that a measurement of the half power beam-width can be used to detect the level of correlation. This assumption is true for the case where the signal correlation is high, as explained in this contribution. During last meeting a draft version of this contribution was circulated at the reflector as a result of the discussion. The contribution was not formally presented. 
In this contribution we provide updated version of the analysis that shows how signal correlation, directivity and beam-widths are related for an AAS bas station. 

2. Discussion
For the case where an active array antenna is used to achieve beamforming with maximal gain in a specific direction the signals fed to the array elements are strongly correlated, unlike for unwanted emission where signals fed to the array antenna elements can be anything from fully correlated to uncorrelated. The correlation level for a specific frequency component of an unwanted emission depends on how it is related to the wanted signal. Mixing products including the wanted signal tends to be correlated, while unwanted emission related to wideband noise, internal clock signals, LO signals, etc. tends to be less correlated. 
At first glance it is easy to draw the conclusion that directivity and half power beam-width directly are related to each other independently of signal correlation. From antenna theory [2] the peak directivity for passive planar array antennas can be approximated by the Krauss formula:
,		(Eq. 2-1)
where HPBWv is the vertical half power beam-width in degrees and HPBWh is the horizontal half power beam-width in degrees.
However, this formula is not generally applicable. For example, when the antenna weights are de-correlated the above formula should not be used. In this contribution, we will show how the level of correlation affects the expected composite array directivity and corresponding half power beam-width characteristics.  
From antenna array theory, the radiation power pattern produced by an N element array antenna can be expressed as:
[bookmark: _Hlk510701643],	(Eq. 2-2)
where E is the element factor, wn is the excitation vector, vn is the element location phasor vector 
.		(Eq. 2-3)
To model the impact of signal correlation, the excitation vector is modelled as a combination of a deterministic, here uniform, and random excitation:
 		(Eq. 2-4)
Here,  is the inter-element signal correlation level, and   are independent Gaussian random numbers with unit standard deviation: 




Clearly, the inter-element antenna weight correlation can be expressed as:
		(Eq. 2-5)
i.e. Rnm=1 for m=n and  otherwise. This is the same result as described for the correlation matrix used in the array model considering signal correlation described in TR 37.842. 
Full correlation corresponds to ideal operation where the wanted signal is beamformed in a specific direction. In this case a broadside narrow beam, a decrease in correlation will show as a drop in directivity, and sometimes with a slightly broader beam and at other times a slightly more narrow beam. 
To understand the relation between directivity and correlation a simulation of with random excitation as described have been conducted for an array with vertically polarized Huygens elements. The element directivity was 4.77 dBi. The array geometry is set to 8 by 8 uniform rectangular array with element separation 0.5. The model is attached in the Annex at the end of this contribution.
In Figure 2-1 and Figure 2-2, the horizontal and vertical radiation power pattern cuts are depicted, respectively for 100 random excitations with randomly picked  values.  
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Figure 2-1: Horizontal radiation pattern cuts 
[image: ]
Figure 2-2: Vertical radiation pattern cuts
In an example provided in Figure 2-3, the exact directivity, calculated from full sphere data, is compared to the above formula, and the expression  where  is the directivity at 100% correlation (derived from the full sphere pattern). The directivity decreases with decreasing correlation roughly following the curve , especially at higher correlation levels. However, the beam-width only changes a little up and down and hence Eq. 2-1 gives a roughly constant value with decreasing correlation.
[image: ]
 Figure 2-3: Comparison of directivity calculations
The blue crosses are based on full sphere directivity calculations, the red circles show the statistically expected tendency that the directivity is lowered by the de-correlation. Finally, the magenta diamonds depict the resulting directivity based on the product of beam-widths.
In Figure 2-4 and Figure 2-5 scatter plots with correlation (y-axis) and beam widths (x-axis) are given. These plots demonstrate that there is no functional dependence between correlation and beam-width, i.e., correlation is not a function of beam width. Such a dependence may exist for some antenna models, but not in general. Hence, comparable half-power beam width (HPBW) cannot be used to conclude that two patterns have the same directivity in the main beam. Moreover, Figure 2-3 also demonstrates that Eq. 2-1 does not predict the directivity for uncorrelated patterns.
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Figure 2-4: Correlation as function of vertical beam-width.
In Figure 2-5, the same data as in Figure 2-4 but now with the product of the beam-widths on the x-axis is plotted.
[image: ]
Figure 2-5: Correlation as function of beam-width product






3. Conclusion
By analysing the array antenna response to random excitations, we can conclude following;
1. The classical formula for calculating the directivity based on beam-widths is not applicable for uncorrelated signals.  
2. The beam-width or product of beam-widths cannot generally be used to estimate directivity.
3. When discussing correlation in array antennas it is important to clearly state the definition used. Here in this case the correlation between signals applied to the array elements is of interest.
4. Patterns with same HPBW of the main lobe can have different directivities. HPBW cannot be used to assume that 2 patterns have the same directivity.
For unwanted emission the correlation will vary as function of frequency and implementation, therefore the expression in Eq. 2-1 cannot be used as a general assumption to calculated directivity for unwanted emission produced by an AAS base station.
Using the approach presented in [1] to differentiate between correlated and non-correlated emission would significantly affect the measurement uncertainty evaluation for beam-peak based TRP measurement methods described in TS 38.141-2, Annex I.10.
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5. Annex
Using Eq. 2-1 to Eq.2.4 an array model have been created in Matlab code.


function makePlots(nSamples)
% makePlots(nSamples)
%  
% Generate plots for correlation|directivity|beamwidth study.
%  
% ------------------------------------------------------------------------- 
% INPUT  
%     nSample   Number of realizations. For each realization a random
%               correlation level between 0 and 1 is selected.
%
%% Example: 100 samples
% makePlots(100);
 
%% Collect data
wb = waitbar(0,'Collecting data');
for i = 1:nSamples
    if i == 1
        [EIRP,TRP,D0,HPBWtheta,HPBWphi,rho] = arrayPatternCorrelation(false,1);
    else
        [EIRP,TRP,D0,HPBWtheta,HPBWphi,rho] = arrayPatternCorrelation(false);
    end    
    data.EIRP(:,:,i) = EIRP;
    data.TRP(i) = TRP;
    data.D0(i) = D0;
    data.HPBWtheta(i) = HPBWtheta;
    data.HPBWphi(i) = HPBWphi;
    data.rho(i) = rho;
    waitbar(i/nSamples,wb,'Collecting data'); 
end
close(wb)
clear EIRP TRP D0 HPBWtheta HPBWphi rho i
 
%% Figure 2-4
figure; hold on;
box on; grid on;
scatter(rad2deg(data.HPBWtheta),data.rho*100,'displayname','vertical HPBW')
scatter(rad2deg(data.HPBWphi),data.rho*100,'displayname','horizontal HPBW')
legend show
xlabel('HPBW (deg)')
ylabel('correlation (%)')
 
%% Figure 2-5
figure; hold on;
box on; grid on;
scatter(rad2deg(data.HPBWtheta).*rad2deg(data.HPBWphi),data.rho*100)
xlabel('HPBW_v HPBW_h (deg^2)')
ylabel('correlation (%)')
 
%% Figure 2-3
figure; hold on;
box on; grid on;
scatter(data.rho*100,10*log10(data.D0),'x','displayname','Directivity from full sphere')
scatter(data.rho*100,10*log10(data.rho*data.D0(1)),'o','displayname','\rho D_{100%}')
scatter(data.rho*100,10*log10(pi^2./(data.HPBWtheta.*data.HPBWphi)),'s','displayname','Krauss formula')
ylim([0 30])
xlabel('\rho (%)')
ylabel('Directivity (dBi)')
legend show

function [EIRP,TRP,D0,HPBWtheta,HPBWphi,rho] = arrayPatternCorrelation(plotFlag,varargin)
% [U,P,D0] = arrayPatternCorrelation(plotFlag)
%  
% Create a 8x8 URA with random correlation level. Compute the EIRP, TRP, 
% directivity, and HPBW in theta and phi
% directions.
%  
% ------------------------------------------------------------------------- 
% INPUT  
%     plotFlag   Boolean. Determines whether to plot the radiation
%                intensity or not.
%    varargin    Optional: correlation level (rho). 
%  
% OUTPUT  
%     EIRP           EIRP
%     TRP            TRP
%     D0             Directivity
%     HPBWtheta      Half power beamwidth in theta direction
%     HPBWphi        Half power beamwidth in phi direction
%     rho            Correlation level
 
%% Spherical coordinates
theta = linspace(0,pi,181);
phi = linspace(-pi,pi,361);
[TH, PH] = ndgrid(theta,phi);
%% Element pattern (Huygens source)
Elem_E_theta  =  sin(TH) + cos(PH);
Elem_E_phi    =  -cos(TH).*sin(PH);
%% Array geometry
f      = 3.5e9;
c_0    = 299792458; % m/s
lambda = c_0/f;
k      = 2*pi/lambda;
 
% Array in the yz-plane, i.e., x = 0
y = ((1:8) -4.5)*.5*lambda;
z = y;
[Y,Z] = ndgrid(y,z);
Y = Y(:);
Z = Z(:);
%% Array excitation
if nargin == 2
    rho = varargin{1};
else
    rho = rand;
end
excitation = sqrt(rho)*ones(64,1) + sqrt(1-rho)*(randn(64,1) + 1j*randn(64,1))/sqrt(2);
excitation = excitation/sqrt(sum(abs(excitation).^2));
%% Array factor
AF = zeros(size(TH));
for iElem = 1:64
    AF = AF + excitation(iElem)*exp(1j*k*(Y(iElem)*sin(TH).*sin(PH)+Z(iElem)*cos(TH)));
end
%% Radiation power pattern
E_theta = Elem_E_theta .* AF;
E_phi = Elem_E_phi .* AF;
U = abs(E_theta).^2 + abs(E_phi).^2;
%% Directivity
TRP = trapz(phi,trapz(theta,U.*sin(TH),1));
D0 = 4*pi*max(U(:))/TRP;
EIRP = TRP*D0*U/max(U(:));
%% Beamwidth 
[peak,peakInd] = max(U(:));
thetaPeakInd = find(theta==TH(peakInd));
phiPeakInd = find(phi==PH(peakInd));
 
UthetaCut = U(:,phiPeakInd);
UphiCut = U(thetaPeakInd,:);
 
% beamwidth in theta cut
ind = thetaPeakInd;
while UthetaCut(ind)>peak/2
    ind = ind + 1;
end
HPthetaP = interp1(UthetaCut(ind-1:ind),theta(ind-1:ind),peak/2);
 
ind = thetaPeakInd;
while UthetaCut(ind)>peak/2
    ind = ind - 1;
end
HPthetaM = interp1(UthetaCut(ind:ind+1),theta(ind:ind+1),peak/2);
 
HPBWtheta = HPthetaP-HPthetaM;
 
% beamwidth in phi cut
ind = phiPeakInd;
while UphiCut(ind)>peak/2
    ind = ind + 1;
end
HPphiP = interp1(UphiCut(ind-1:ind),phi(ind-1:ind),peak/2);
 
ind = phiPeakInd;
while UphiCut(ind)>peak/2
    ind = ind - 1;
end
HPphiM = interp1(UphiCut(ind:ind+1),phi(ind:ind+1),peak/2);
 
HPBWphi = HPphiP-HPphiM;
%% Plot
if plotFlag
    U_dB = 10*log10(U);
    figure;surf(rad2deg(TH),rad2deg(PH),U_dB,'edgealpha',0)
    caxis([max(U_dB(:)-40) max(U_dB(:))])
    view(90,90);
    xlabel('\theta (deg)')
    ylabel('\phi (deg)')
    xlim([0,180])
    ylim([-180,180])
    title('Power pattern')
    colorbar
    
    figure; hold on;
    grid on; box on;
    plot(rad2deg(phi),10*log10(UphiCut),'displayname','radiation intensity')
    plot([-180 180],10*log10([peak/2 peak/2]),'displayname','-3dB line')
    plot(rad2deg([HPphiM HPphiP]),10*log10([peak/2 peak/2]),'x','displayname','HP points')
    xlim([-180 180]);
    ylim([10*log10(peak)-30 10*log10(peak)])
    xlabel('\phi (deg)')
    ylabel('Radiation intensity (dB)')
    title('\phi-cut');
    legend show
    
    figure; hold on;
    grid on; box on;
    plot(rad2deg(theta),10*log10(UthetaCut),'displayname','radiation intensity')
    plot([0 180],10*log10([peak/2 peak/2]),'displayname','-3dB line')
    plot(rad2deg([HPthetaM HPthetaP]),10*log10([peak/2 peak/2]),'x','displayname','HP points')
    xlim([0 180]);
    ylim([10*log10(peak)-30 10*log10(peak)])
    xlabel('\theta (deg)')
    ylabel('Radiation intensity (dB)')
    title('\theta-cut');
    legend show
end
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