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Introduction
This contribution is providing information on the minimum number of measurement points for the TRP measurement grid using the constant step size approach for non sparse antenna arrays as well as missing information on the mean error. The approach in this contribution is based on the surface integral using the Jacobian Matrix.
Background
In the LS to RAN5 [1], different options for the TRP measurement grids have been outlined 


[image: image1] 
In summary, following RAN4#87, the constant density TRP measurement grid types had significant advantages in terms of the minimum number of measurement points (140 points) and mean errors (deviation of the mean from the simulated TRP) these TRP grids yielded (0dB). In contrast, constant step size TRP measurement grid types either had a moderate increase in grid points (264 unique measurement points) but an additional mean error of 0.34dB or a significant increase in grid points (612 grid points) with no additional mean error. This contribution focuses on the option highlighted in yellow above that previously showed some potential to reduce the mean error [2], specifically the impact of a proper surface integration on the simulated TRP errors for constant step size grid types. 
As most previous TRP measurement grid analyses, the same simulated 8x2 patch antenna array in a free-space configuration as in [3] was used in the subsequent analyses. As agreed in [3], the standard deviation of TRP calculations over uniform angular spacing grids in elevation () and azimuth () was derived with 10,000 random orientations of the pattern with respect to the sampling grid.
Surface Integral using the Jacobian Matrix 

Total Radiated Power is given by the integral of the Effective Isotropic Radiated Power over the closed spherical surface S:
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Given any surface parameterization of
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The explicit general TRP surface integral is
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where J is the Jacobian Matrix defined at[image: image6.png]
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 column is 
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The differential surface area element, in its most general form, is 
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The standard surface parameterization used in 3GPP to date is based on the definition of Spherical Coordinate System parameterization [image: image12.png](u; =6,u, =0)



on a constant radius sphere where  
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which yields the Jacobian Matrix
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Hence, the differential surface area is the familiar 
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The Total Radiated Power under a Spherical Coordinate parameterization is the familiar 3GPP equation [4]

 REF _Ref520805242 \r \h 
[5]
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This form of the integral is exact in the continuous case but prone to uncertainty [1] in the 3GPP numerical approximation, for finite discrete uniform grid spacing [4]

 REF _Ref520805242 \r \h 
[5] 
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The Spherical Coordinate system is not the only possible parameterization of the surface. One alternative, by definition to alleviate the sin  = 0 [image: image21.png](w; =&,u, =n)



problem at the sampling poles, is to consider the surface S as composed of a set of infinitesimal triangles. This triangulation method is commonly used in Finite Element Analysis and is based on Barycentric coordinates. The Barycentric parametrization  with the domain [image: image23.png]& elo,1]
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  is
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The Jacobian Matrix for the Barycentric parameterization is 
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and by Lagrange's identity [image: image29.png]det(JT))
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, the differential surface element is
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Hence, the TRP integral expressed in Barycentric coordinates is
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and is approximated by the sum over all triangles [image: image35.png]


 composing the closed surface S
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The notation of explicitly adding the subscript to the [image: image38.png]EIRP:(¢,7n)



 explicitly states the double integral of EIRP over each independent ith triangle has the identical bounds of integration; [image: image40.png]&§=10,1—n]
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 which is accomplished by mapping to the standard triangle via a change of coordinates. In Barycentric coordinates, this coordinate transform is trivially accomplished knowing only the sample points at the vertices of the triangle as
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Every EIRP value in the interior of the triangle is computed as [image: image45.png]EIRP:(¢,7n)



 knowing only the three measured samples [EIRP0,i, EIRP1,i, EIRP2,i] within the triangle domain [image: image47.png]&§=10,1—n]
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 as illustrated in Figure 1.
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Figure 1: Illustration of the triangulated sphere including the triangle formed by three measurements points
The cross product term, [image: image52.png]24;
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, is constant relative to the integration variables so the TRP approximation further simplifies to 
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The double integral therefore is computed explicitly yielding
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The final form of the TRP approximation based on Barycentric surface parameterization is
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This yields an intuitive geometrical description of TRP approximation as simply the sum of all discrete triangle areas composing the closed spherical surface S, with each triangle scaled by the mean value of EIRP at the three measurement vertices. Guaranteed non-zero terms inside the sum mitigate possible numerical approximation issue at the poles, unlike the sin  based TRP approximation. Notice that no particular definition of sample type is required for this Barycentric-based definition of TRP. This formulation can be applied to uniform grid sampling, as well as uniform density sampling, or even completely random sampling. 
The mean offset can be optimized by explicitly computing the surface area of the sphere’s polyhedral approximation ([image: image58.png]4 ~ Y A:



) using
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Observation 1: A triangulation-based expression for TRP has been derived including an explicit computation of the surface area to reduce the mean offset.

Simulation Results
The first set of triangulation-based TRP results for a constant step size measurement grid with 15o spacing in elevation () and azimuth () is presented in Figure 2. The normalization to optimize the mean offset for this measurement grid amounts to
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which corresponds to an offset correction of 0.060dB (included in the statistics below). This measurement grid yields a standard deviation of 0.151dB and mean offset of -0.003dB
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Figure 2: Simulations for the triangulation-based TRP approximation using a for a constant step size measurement grid with 15o spacing in elevation () and azimuth (). The statistics are derived from 10,000 random orientations.
Observation 2: The constant step size TRP measurement grid with 266 unique grid points and 15o spacing in elevation () and azimuth () using a triangulation-based expression for TRP yields a standard deviation of 0.151dB and no mean offset.

The further optimized measurement grid that meets the previously agreed maximum 0.25dB standard deviation target is using 222 unique grid points with 16.36o spacing in elevation ( = 180o/11) and azimuth ( = 360o/22). Using this explicit normalization, a standard deviation of 0.235dB is achieved including a mean offset of -0.014dB as shown in Figure 3. Note the normalization factor to optimize the mean offset for this measurement grid amounts to
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which corresponds to an offset correction of 0.074dB (included in the statistics). 
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Figure 3: Simulations for the triangulation-based TRP approximation using a constant step size measurement grid with 16.36o spacing in elevation () and azimuth (). The statistics are derived from 10,000 random orientations.
Observation 3: 

The optimized constant step size TRP measurement grid with 222 unique grid points with 16.36o spacing in elevation () and azimuth () using a triangulation-based expression for TRP yields a standard deviation of 0.235dB and no mean offset.

It is proposed to include the derivation of the Surface Integral using the Jacobian Matrix in the TR as well as the statistical results obtained from the two example measurement grids.

Proposal: Include the derivation of the Surface Integral using the Jacobian Matrix as well as the statistical results obtained from the two example measurement grids in the TR.

Conclusions

The following observations and conclusions were made:

Observation 1: A triangulation-based expression for TRP has been derived including an explicit computation of the surface area to reduce the mean offset.

Observation 2: The constant step size TRP measurement grid with 266 unique grid points and 15o spacing in elevation () and azimuth () using a triangulation-based expression for TRP yields a standard deviation of 0.151dB and no mean offset. 
Observation 3: 

The optimized constant step size TRP measurement grid with 222 unique grid points with 16.36o spacing in elevation () and azimuth () using a triangulation-based expression for TRP yields a standard deviation of 0.235dB and no mean offset.

Proposal: Include the derivation of the Surface Integral using the Jacobian Matrix as well as the statistical results obtained from the two example measurement grids in the TR.
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Specifically, for the in-band TRP measurement grid, it was agreed


for both measurement grids (constant step size and constant density), a maximum standard deviation of 0.25dB in the MU budget is agreed


The min. number of measurement points for TRP measurement grid using constant step size approach for non sparse antenna arrays are:


264 measurement points (15deg step size) with the TX beam peak oriented in any direction. An additional mean error of 0.34dB in the MU budget needs to be taken into account if TRP is calculated using the classical TRP equation with the sin(theta) term


612 measurement points (10deg step size) with the TX beam peak oriented in any direction. No additional mean error needs to be taken into account if TRP is calculated using the classical TRP equation with the sin(theta) term


TBD measurement points with the TX beam peak oriented in any direction. Whether an additional mean error needs to be taking into account in the MU budget is TBD; TRP is calculated using an integral approach. The integral approach needs to be added to TR38.810


Min. number of measurement points for TRP measurement grid using constant density approach (using the charged particle or the golden spiral implementation) for non sparse antenna arrays:	


140 measurement points. No mean error needs to be taken into account. 





Std. Deviation: 0.151dB


Mean Offset: -0.003dB





Std. Deviation: 0.235dB


Mean Offset: -0.014dB








