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Introduction
This contribution is providing information on the most optimized minimum number of measurement points for the TRP measurement grid using a constant step size approach for non-sparse antenna arrays as well as missing information on the mean error. The approach in this contribution is based on the Clenshaw-Curtis quadrature with an equispaced azimuth sampling different than the equispaced elevation sampling. This approach further optimizes the minimum number of measurement points proposed previously.
Background
In the LS to RAN5 [2], different options for the TRP measurement grids have been outlined 


[image: image1] 
In summary, following RAN4#87, the constant density TRP measurement grid types had significant advantages in terms of the minimum number of measurement points (140 points) and mean errors (deviation of the mean from the simulated TRP) these TRP grids yielded (0dB). In contrast, constant step size TRP measurement grid types either had a moderate increase in grid points (264 unique measurement points) but an additional mean error of 0.34dB or a significant increase in grid points (612 grid points) with no additional mean error. This contribution focuses on the option highlighted in yellow above that previously showed some potential to reduce the mean error [3], specifically the impact of using Clenshaw-Curtis samples and weights [4][5] on the simulated TRP errors for constant step size grid types. 
As most previous TRP measurement grid analyses, the same simulated 8x2 patch antenna array in a free-space configuration as in [6] was used in the subsequent analyses. As agreed in [6], the standard deviation of TRP calculations using constant step size grids was derived with 10,000 random orientation of the pattern with respect to the sampling grid.
Clenshaw-Curtis Integration using Chebyshev Polynomials
In a large variety of engineering disciplines, the integral of a function needs to be solved using numerical integration techniques, commonly referred to as “quadrature”. Here, the approximation of the integral of a function is usually stated as a weighted sum of function values at specified points within the domain of integration. Very common implementations are the Gauss-Legendre quadrature integral approximation as well as the Clenshaw-Curtis quadrature based on an expansion of the integrand in terms of Chebyshev polynomials [4][5]. The respective samples and weights replace the classical sin (d weights [6]
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[7], i.e.,
the classical TRP equation
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is therefore replaced by
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.
Samples and weights, W(), are illustrated in Figure 1 for 12 latitudes on the left and for 91 latitudes on the right as a function of the declination angle . 
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Figure 1: Samples and weights for the classical sin  weighting, Gauss-Legendre, and Clenshaw-Curtis quadratures with 12 latitudes on left and 91 latitudes on the right. 
Table 1: Samples and weights for the classical sin ( weighting, Gauss-Legendre, and Clenshaw-Curtis quadratures with 12 latitudes
	Classical sin(
	Gauss-Legendre
	Clenshaw-Curtis

	 [deg]
	Weights
	 [deg]
	Weights
	 [deg]
	Weights

	0.0
	0.000
	11.0
	0.047
	0.0
	0.008

	16.4
	0.080
	25.3
	0.107
	16.4
	0.079

	32.7
	0.154
	39.7
	0.160
	32.7
	0.155

	49.1
	0.216
	54.0
	0.203
	49.1
	0.216

	65.5
	0.260
	68.4
	0.233
	65.5
	0.260

	81.8
	0.283
	82.8
	0.249
	81.8
	0.283

	98.2
	0.283
	97.2
	0.249
	98.2
	0.283

	114.6
	0.260
	111.6
	0.233
	114.6
	0.260

	130.9
	0.216
	126.0
	0.203
	130.9
	0.216

	147.3
	0.154
	140.4
	0.160
	147.3
	0.155

	163.6
	0.080
	154.7
	0.107
	163.6
	0.079

	180.0
	0.000
	169.0
	0.047
	180.0
	0.008


Additionally, the samples and weights are listed in Table 1 for each of the considered approach. The plot on the left clearly shows equispaced points ( = 180o/(Nlat-1) where Nlat corresponds to the number of latitudes) for the Clenshaw-Curtis quadrature while the Gauss-Legendre samples shows that the spacing between different latitudes is not constant. The Gauss-Legendre quadrature therefore does not correspond to a constant step size approach. Once the number of latitudes is increased significantly, the weights and samples converge for the three different approaches as shown in the plot on the right in Figure 1.  
The samples for the Clenshaw-Curtis and the Gauss-Legendre quadratures are illustrated for 12 latitudes and 22 longitudes in Figure 2. 
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Figure 2: Illustration of the Clenshaw-Curtis (red) and Gauss-Legendre (yellow) samples for 12 latitudes (elevation) and 22 longitudes (azimuth)
Observation 1: 

For a finite and practical number of latitudes used for TRP measurement grids, the weights from Clenshaw-Curtis and Gauss-Legendre quadratures differ from the classical sin ( weights
Observation 2: 

While the Clenshaw-Curtis approach corresponds to a constant step size measurement grid type, the Gauss-Legendre quadrature does not correspond to a constant step size measurement grid type since the point spacing of the samples in elevation is not constant.

Simulation Results
A large number of parametric studies with Clenshaw-Curtis quadrature were performed to minimize the minimum number of measurement points as well as the mean offset error for TRP measurement grids. Each analysis took into account the agreed reference antenna pattern [8] as well as 10,000 random orientation of the pattern with respect to the sampling grid.
The TRP measurement grids had equispaced points in azimuth (=360o/Nlong where Nlong corresponds to the number of longitudes) as well as equispaced points in elevation (=180o/(Nlat-1) where Nlat corresponds to the number of latitudes). Therefore, the typical assumption that the spacing in elevation () matches the spacing in azimuth () was not made for this analysis. Nevertheless, this approach should be considered a constant step size grid type. 
Observation 3: 

Constant step size measurement grids do not necessarily require the constant grid spacing in elevation () to match the constant grid spacing in elevation (). 
The optimized measurement grid based on the Clenshaw-Curtis quadrature was found to have 12 latitudes ( = 180o/11 = 16.36o and 19 longitudes ( = 360o/19 = 18.95o) with a total of 192 unique grid points. It yielded a standard uncertainty of 0.202dB and a mean offset of -0.007dB. The results for the statistical analysis is illustrated in Figure 3 and the illustration of the measurement grid points is shown in Figure 4.
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Figure 3: Simulations for TRP approximation based on the Clenshaw-Curtis quadrature a for a constant step size measurement grid with 12 latitudes (=16.36o) and 19 longitudes (=18.95o).
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Figure 4: Illustration of the constant-step size TRP measurement grid with 12 latitudes (=16.36o) and 19 longitudes (=18.95o).
Given the significant reduction in measurement grid points (from 264 to 192) and the elimination of the mean error when compared to the classical TRP grid with 15o spacing in elevation and azimuth and the sin ( weighting, it is proposed to include this measurement grid and quadrature approach in the TR.
Proposal: include the results based on the Clenshaw-Curtis quadrature in the TR.
Conclusions

The following observations and conclusions were made in this contribution

Observation 1: 

For a finite and practical number of latitudes used for TRP measurement grids, the weights from Clenshaw-Curtis and Gauss-Legendre quadratures differ from the classical sin ( weights

Observation 2: 

While the Clenshaw-Curtis approach corresponds to a constant step size measurement grid type, the Gauss-Legendre quadrature does not correspond to a constant step size measurement grid type since the point spacing of the samples in elevation is not constant.

Observation 3: 

Constant step size measurement grids do not necessarily require the constant grid spacing in elevation () to match the constant grid spacing in elevation (). 

Proposal: include the results based on the Clenshaw-Curtis quadrature in the TR.
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Specifically, for the in-band TRP measurement grid, it was agreed


for both measurement grids (constant step size and constant density), a maximum standard deviation of 0.25dB in the MU budget is agreed


The min. number of measurement points for TRP measurement grid using constant step size approach for non sparse antenna arrays are:


264 measurement points (15deg step size) with the TX beam peak oriented in any direction. An additional mean error of 0.34dB in the MU budget needs to be taken into account if TRP is calculated using the classical TRP equation with the sin(theta) term


612 measurement points (10deg step size) with the TX beam peak oriented in any direction. No additional mean error needs to be taken into account if TRP is calculated using the classical TRP equation with the sin(theta) term


TBD measurement points with the TX beam peak oriented in any direction. Whether an additional mean error needs to be taking into account in the MU budget is TBD; TRP is calculated using an integral approach. The integral approach needs to be added to TR38.810


Min. number of measurement points for TRP measurement grid using constant density approach (using the charged particle or the golden spiral implementation) for non sparse antenna arrays:	


140 measurement points. No mean error needs to be taken into account. 
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