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1. Introduction
In [1], it has been proposed that the pseudo-inverse receiver be used to define and measure the EVM for two-layer transmissions. In this contribution, we point out some fundamental issues with this proposal.  As discussed below, the pseudo-inverse in [1] cannot be defined or computed as proposed if the channel does not have full rank. Furthermore, the MIMO layers cannot be separated using the pseudo-inverse when the channel does not have full rank. In this contribution, alternative proposals are presented which address these issues.
2. EVM for Two-Layer Transmission
In [1], it has been proposed that the pseudo-inverse be used in the definition and measurement of EVM for two-layer transmission.  Following the notation in [1], the effective channel matrix is given by

where H is the 2x2 channel matrix and P is the precoding matrix.  It is then proposed that the zero-forcing MIMO equalizer is defined using the pseudo-inverse as 

A few observations can be made on the use of the pseudo-inverse for measuring EVM.
Observation 1:	If a square matrix  has full rank, then , and the pseudo-inverse is not needed.
Observation 2:	If a square matrix  does not have full rank, then  does not have full rank and the inverse does not exist.  As a result, if  does not have full rank, then the pseudo-inverse cannot be defined or computed as 
				 .
                    	So, if the pseudo-inverse  were to be used, it would be necessary to define it in some other manner such as in terms of the singular value decomposition of .
Observation 3:  	If the square matrix  does not have full rank, then it is not possible to separate the MIMO layers using the pseudo-inverse or any other linear receiver and the EVM requirement will be failed.
With respect to Observation 3, we note that if  does not have full rank, then multiplication by the pseudo-inverse does not yield the identity matrix; that is

and as a result, the pseudo-inverse  cannot be used to separate the MIMO layers. To demonstrate, let  denote the signal received given by

where  is the transmitted data vector,  is the transmitter noise vector, and  has dimension 2x2.  Furthermore, let the singular value decomposition of  be given by 

where  and  are unitary matrices and  is a diagonal matrix for which the diagonal elements are real and non-negative.  In the Appendix, it is shown that if 

and  does not have full rank, then the resulting data estimate  is given by

 					 
where  is the right singular vector belonging to  for which the corresponding singular value is non-zero.  Thus, in the case that  does not have full rank, the expected value of the estimate is given by

which is the projection of the data vector  onto the right singular vector . 

In the Appendix, it is shown that even if there is no transmitter noise so that , the EVM for the estimate

when  does not have full rank is no less than 71%, so in this case the EVM requirement fails. 
Observation 4: 	If  does not have full rank and  is used, the resulting EVM will be no less than 71%.
In summary, if the square matrix  does not have full rank, the pseudo-inverse cannot be defined and computed as

because  does not exist.  Furthermore, if  does not have full rank, the two layers of data cannot be separated with the pseudo-inverse or any other linear receiver. If the pseudo-inverse is used in this case, the EVM will be no less than 71%.
As the result of the above, we have the following proposal.
[bookmark: _Hlk85751489]Proposal 1:  	If  has full rank, then .  If  has does not have full rank, the two layers cannot be separated and the EVM requirement is failed.
If there is still the desire to use the pseudo-inverse when  does not have full rank, we have the following alternative proposal
Proposal 2: 	The zero-forcing receiver is defined as  where the singular value decomposition for  is given by

		is given by
	
and  is derived from  by taking the reciprocal of the non-zero diagonal elements and leaving the zero elements in place.
3. Conclusions
In [1], it has been proposed that the pseudo-inverse be used in the definition and measurement of EVM for two-layer transmission.  However, in this contribution, it has been observed that if the channel matrix  does not have full rank, then  does not have full rank and the pseudo-inverse cannot be defined as 

Furthermore, it has been shown, that if  does not have full rank, then the MIMO layers cannot be separated using the pseudo-inverse or any other linear receiver. Based on these observations, we have the following two proposals.
Proposal 1:  	If  has full rank, then .  If  has does not have full rank, the two layers cannot be separated and the EVM requirement is failed.
If there is still the desire to use the pseudo-inverse when  does not have full rank, we have the following alternative proposal
Proposal 2: 	The zero-forcing receiver is defined as  where the singular value decomposition for  is given by

		the pseudo-inverse	is given by
	
and  is derived from  by taking the inverse of the non-zero diagonal elements and leaving the zero elements in place.
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Appendix:  EVM for Two-Layer MIMO with a Rank Deficient Channel
In the case that the square matrix  does not have full rank, the pseudo-inverse can be expressed in terms of the singular value decomposition of  which is given by

where  and  are unitary matrices and  is a diagonal matrix for which the diagonal elements are real and non-negative.  If  has dimension 2x2 and rank 1 then  can be expressed as

where  is real and positive. For this example, the pseudo-inverse is given by 

In the absence of receiver noise, the received signal is given by

where  is the transmitted data and  is the transmitter noise.  Multiplication by the pseudo-inverse yields the data estimate



where  is the first column of .  The resulting estimate of the data vector  can be expressed as

where  is the projection of the data vector  onto the vector .  The expected value of the estimate given by 

which is equal to  if and only if .  Finally, if the data vector  has mean and covariance given by 
 and  ,
then , and


As a result, even if there is no transmitter noise so that , the mean-square error of the estimate

is equal to 

and the EVM is given



