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1. Introduction

For NR-PSS/NR-SSS design, there is a good process with following agreements and working assumptions at the RAN1#88-bis meeting [1].

Working assumptions
- Number of PSS sequences: 3
▪ PSS sequence details:
▫ Frequency domain-based pure BPSK M sequence (fixing the time/freq. offset ambiguity)
∙ 1 polynomial:  Decimal 145 (i.e. g(x) = x7 + x4 + 1)
∙ In freq. domain 3 cyclic shifts (0, 43, 86) to get the 3 PSS signals
∙ Initial poly shift register value: 1110110
▫ FFS modified ZC: 2 ZC sequences concatenation or interleaving in time or freq., 4 ZC sequences concatenation in time
Agreements
- Number of SSS signals: 1000 post-scrambling
- PSS sequence length: 127 for frequency domain-based pure BPSK M sequence
▪ Note that PSS will be mapped to consecutive 127 subcarriers
- SSS sequence length: 127
- Subcarrier spacings for PSS/SSS for difference freq. ranges: 15kHz/30kHz for below 6 GHz, and 120kHz/240kHz for above 6 GHz
▪ Note: RAN1 assumes that RAN4 will decide it depending on frequency ranges

- SSS sequence details: Long M-sequence with scrambling
As above agreements, SSS sequence is generated from length-127 M-sequence with scrambling. The total number of SSS signals with post-scrambling is a 1000. However, there are no details for M-sequence parameters and scrambling details, and for mapping from cell IDs to NR-PSS/SSS sequences.

In this contribution, we will provide mathematical analysis based on theorems of M-sequence for above details of NR-SSS. These mathematical analysis could be a good basic and fair reference to decide details of NR-SSS sequence regardless of various environments and assumptions on evaluation.
2. Mathematical analysis based on theorems of M-sequence
For NR-SSS sequence design, following 5 types of M-sequence generation could be considered. These will be compared with some aspects - the total number of possible sequences, correlation property and complexity.
- Type 1: By M-sequence generated from one irreducible primitive polynomial
- Type 2: By Gold sequence

- Type 3: By M-sequences generated from plural irreducible primitive polynomials

- Type 4: By combinations of two M-sequences
- Type 5: By M-sequences generated from a maximum connected set
Type 1: By M-sequence generated from one irreducible primitive polynomial
As well known, M-sequence is generated from one irreducible primitive polynomial. For M-sequence with length 2n-1, there are total 18 irreducible primitive polynomials over GF(2) for n=7 as shown in Table 1.

For n=7, one irreducible primitive polynomial can be selected to generate length-127 M-sequence x(i) among 18 irreducible primitive polynomials. The sequence sm(n) is a BPSK form of M-sequence x(i) having a cyclic shift with value m in frequency domain as below.

[Equation 1]
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As well known, following Equation 2 is the correlation property of the sequence sm(n). As shown in Equation 2, the BPSK M-sequence generated from one irreducible primitive polynomial has very good correlation property, i.e., the maximum absolute correlation value is 1 except its own value N(=127).
[Equation 2]
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However, the total number of possible sequences is 2n-1=127 if n=7. It is not more than 1000 even though scrambling sequence from the NR-PSS sequence is applied. There are 3 NR-PSS sequences. Therefore, total 381(=127*3) sequences are possible even though scrambling sequence from the NR-PSS sequence is applied.
Table 1: Irreducible primitive polynomials over GF(2) for M-sequences with length 27-1
	Decimal
	Octal
	Binary
	Irreducible primitive polynomial

	131
	203
	10000011
	x7+x+1

	137
	211
	10001001
	x7+x3+1

	143
	217
	10001111
	x7+x3+x2+x+1

	145
	221
	10010001
	x7+x4+1

	157
	235
	10011101
	x7+x4+x3+x2+1

	167
	247
	10100111
	x7+x5+x2+x+1

	171
	253
	10101011
	x7+x5+x3+x+1

	185
	271
	10111001
	x7+x5+x4+x3+1

	191
	277
	10111111
	x7+x5+x4+x3+x2+x+1

	193
	301
	11000001
	x7+x6 +1

	203
	313
	11001011
	x7+x6+x3+x+1

	211
	323
	11010011
	x7+x6+x4+x+1

	213
	325
	11010101
	x7+x6+x4+x2+1

	229
	345
	11100101
	x7+x6+x5+x2+1

	239
	357
	11101111
	x7+x6+x5+x3+x2+x+1

	241
	361
	11110001
	x7+x6+x5+x4+1

	247
	367
	11110111
	x7+x6+x5+x4+x2+x+1

	253
	375
	11111101
	x7+x6+x5+x4+x3+x2+1


Type 2: By Gold sequence
As well known, Gold sequence is generated from any preferred pair of M-sequences. In preferred pair of M-sequences, each of two M-sequences is generated from one of two preferred pair of irreducible primitive polynomials as shown in Table 2. 
Gold sequence is generated by bit-by-bit summation of the two M-sequences over GF(2). For the two M-sequences, one M-sequences can have one of total 2n-1 cyclic shifts(or one of total 2n-1 initial value for LFSR(Linear Feedback Shifter Register)), but the other one M-sequence has no cyclic shift(i.e., fixed initial value for LFSR). 
Following Equation 3 is the correlation property of the BPSK Gold sequences with length 2n-1. Therefore, the maximum absolute correlation value is 17(=1+2(n+1)/2=1+24) if  2n-1=127.
[Equation 3]
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However, the total number of possible sequences is 2n+1=129 if n=7. It is not more than 1000 even though scrambling sequence from the NR-PSS sequence is applied. There are 3 NR-PSS sequences. Therefore, total 387(=129*3) sequences are possible even though scrambling sequence from the NR-PSS sequence is applied.

Table 2: Preferred pair of irreducible primitive polynomials over GF(2) for M-sequences with length 27-1 [4]
	
	Preferred pair of irreducible primitive polynomials (Octal)
(if reference polynomial is 211) 

	Pair 1
	211, 217

	Pair 2
	211, 277

	Pair 3
	211, 323

	Pair 4
	211, 203

	Pair 5
	211, 253

	Pair 6
	211, 247

	Pair 7
	211, 357

	Pair 8
	211, 235

	Pair 9
	211, 325

	Pair 10
	211, 301


Type 3: By M-sequences generated from plural irreducible primitive polynomials
To increase the total number of possible sequences, M-sequences generated from plural irreducible primitive polynomials is proposed in [2]. As different method from Type 1(by M-sequence generated from one irreducible primitive polynomial), it can use plural irreducible primitive polynomials.

If n=7, total K irreducible primitive polynomials among 18 irreducible primitive polynomials in Table 1 can be used to generate M-sequences. If length-127 M-sequence xk(i) is generated from kth irreducible primitive polynomial (1≤k≤K, the maximum number of K is 18), the sequence skm(n) is a BPSK form of M-sequence xk(i) having a cyclic shift with value m in frequency domain as below.

[Equation 4]
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For example, more than 1000 (exactly 1016(=127*8)) sequences can be generated from 8 irreducible primitive polynomials and 127 cyclic shifts of each M-sequence generated from each of 8 irreducible primitive polynomials.
Already researched in [3][4], the correlation property between the sequence skm(n) generated from kth irreducible primitive polynomial and the sequence sk'm(n) generated from k'th irreducible primitive polynomial as shown in equation 5 is not good compare to M-sequence generated from one irreducible primitive polynomial or Gold sequence. The maximum absolute correlation value is 41 for length 27-1.
[Equation 5]
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Type 4: By combinations of two M-sequences
To increase the total number of possible sequences, the combinations of two M-sequences is also proposed in [2]. As different method from Type 2(by Gold sequence), each of two M-sequences can have one of total 2n-1 cyclic shifts(or one of total 2n-1 initial values for LFSR).
The combinations of two M-sequences is generated by bit-by-bit summation of the two M-sequences over GF(2). For the two M-sequences, one M-sequences can have one of total 2n-1 cyclic shifts(or one of total 2n-1 initial values for LFSR), and the other one M-sequence can also have one of total 2n-1 cyclic shifts(or one of total 2n-1 initial values for LFSR). For example, more than 1000 (exactly 127*127) sequences can be generated from length-127 two M-sequences.

Already researched in [3], the correlation property between combinations of two M-sequences could be similar to the correlation property of Type 3(by M-sequences generated from plural irreducible primitive polynomials) if preferred pair of M-sequences is used for the two M-sequences. Therefore, the correlation property is also not good compare to M-sequence generated from one irreducible primitive polynomial or Gold sequence. Furthermore, in other cases(e.g., preferred pair of M-sequences is not used), the correlation property could be more poor.
Type 5: By M-sequences generated from a maximum connected set
Already researched in [3]~[6], M-sequences generated from a maximum connected set can guarantee reasonable number of possible sequences and good correlation property.

The maximum connected set of M-sequences is defined as following Theorem 1. All possible sampler f satisfy the Theorem 1 in a given irreducible primitive polynomial can be called a maximum connected set. Table 3 is maximum connected sets if the given irreducible primitive polynomial is 211(octal) for M-sequence with length 27-1.
Theorem 1
Let xa(i) and xb(i) denotes m-sequences of period N=2n-1 with xb(i) being a sequence derived from sequence xa(i) using sampler f. The following result exhibits specific decimations which produced three-valued cross-correlation functions except n is a power of 2, if xb(i) is a sequence sampled from sequence xa(i) with sampler f, where either f=2k+1 or f=22k-2k+1. If e=gcd(n, k) is such that n/e is odd, then the cross-correlation Rxa,xb(τ) is three valued and
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If xf(i) is a sequence sampled from sequence x(i) with sampler f, the length-N sequence can be expressed as Equation 6.

[Equation 6]
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For example, there are all 18 samplers if the given irreducible primitive polynomial is 211(octal) for length-127 M-sequence. Each of 18 samplers can be corresponded to each of 18 irreducible primitive polynomial for length-127 M-sequence.
Among 18 samplers in a given irreducible primitive polynomial for length-127 M-sequence, only 6 samplers can belong to a maximum connected set as shown in Table 3. For example, sampler 1, 3, 9, 27, 13 and 29 can belong to a maximum connected set if the given irreducible primitive polynomial is 211(octal).
If n=7, total K samplers among 6 samplers within a maximum connected set as shown in Table 3 can be used to generate M-sequences. If length-127 M-sequence xf(i) is generated from sampler f, the sequence sfm(n) is a BPSK form of M-sequence xf(i) having a cyclic shift with value m in frequency domain as below.
[Equation 7]
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For example, 127*3*K sequences can be generated from 127 cyclic shifts of each M-sequence generated with each of K samplers within a maximum connected set and scrambling sequences from NR-PSS(= total 3 scrambling sequences are possible). The maximum number of K is 6, but 3 is enough to generate more than 1000 sequences.
The correlation property between the sequence sfm(n) generated with sampler f and the sequence sf'm(n) generated with sampler f' as shown in Equation 8 is better compare to Type 3(by M-sequences generated from plural irreducible primitive polynomials) or Type 4(by combinations of two M-sequences), and same to the Type 2(by Gold sequence) for length 27-1. The maximum absolute correlation value is 17 for length 27-1.

Furthermore, the complexity on sequence generation is lower. Because, there are no needs for using several LFSR and storing several M-sequences, just one LFSR and one M-sequence from one irreducible primitive polynomial is enough.
[Equation 8]
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Table 3: Maximum connected set for M-sequences with length 27-1 (if reference polynomial is 211) [4]
	
	Sampler 1
	Sampler 2
	Sampler 3
	Sampler 4
	Sampler 5
	Sampler 6

	set 1
	1
	3
	9
	27
	13
	29

	set 2
	3
	9
	27
	13
	29
	47

	set 3
	9
	27
	13
	29
	47
	7

	set 4
	27
	13
	29
	47
	7
	21

	set 5
	13
	29
	47
	7
	21
	63

	set 6
	29
	47
	7
	21
	63
	31

	set 7
	47
	7
	21
	63
	31
	55

	set 8
	7
	21
	63
	31
	55
	19

	set 9
	21
	63
	31
	55
	19
	23

	set 10
	63
	31
	55
	19
	23
	11

	set 11
	31
	55
	19
	23
	11
	5

	set 12
	55
	19
	23
	11
	5
	15

	set 13
	19
	23
	11
	5
	15
	43

	set 14
	23
	11
	5
	15
	43
	1

	set 15
	11
	5
	15
	43
	1
	3

	set 16
	5
	15
	43
	1
	3
	9

	set 17
	15
	43
	1
	3
	9
	27

	set 18
	43
	1
	3
	9
	27
	13


Following Table 4 is a summary of 5 types of M-sequence. By the above, Type 5(by M-sequences generated from a maximum connected set) could be used to generate NR-SSS sequence if the total number of possible sequences, correlation property and complexity is considered. Appendix A is a detail example of NR-SSS sequence generation by M-sequences generated from a maximum connected set and its mapping from cell IDs.
Table 4: Summary of 5 types of M-sequence for length 27-1
	Type
	Maximum

correlation value
	Maximum number of sequences #1
	Maximum number of sequences #2

	Type 1 

(by M-sequence generated from one irreducible primitive polynomial)
	1
	127
	127*3

	Type 2

(by Gold sequence)
	17
	129
	129*3

	Type 3 

(by M-sequences generated from plural irreducible primitive polynomials)
	41
	127*K1
	127*K1*3

	Type 4 

(by combinations of two M-sequences)
	≥41
	127*127
	127*127*3

	Type 5
(by M-sequences generated from a maximum connected set)
	17
	127*K2
	127*K2*3


  Note 1: Maximum number of sequences #1 - without scrambling sequence from NR-PSS sequence
  Note 2: Maximum number of sequences #2 - with scrambling sequence from NR-PSS sequence
  Note 3: K1 is total used polynomials among 18 irreducible primitive polynomials
  Note 4: K2 is total used samplers among 6 samplers within a maximum connected set
Proposal 1:
For NR-SSS sequence, M-sequences generated from a maximum connected set should be used by followings.

-1) M-sequence is generated by one irreducible primitive polynomial
-2) Generated M-sequence is sampled with sampler f within a maximum connected set, and has cyclic shift with value m in frequency domain (f, m is derived from cell ID)

- 3) scrambling with sequence from NR-PSS sequence is applied.

3. Conclusion

In this contribution, we discussed on the mathematical analysis based on theorems of M-sequence for details of NR-SSS, and provide our views with following our proposal.
Proposal 1:
For NR-SSS sequence, M-sequences generated from a maximum connected set should be used by followings.

-1) M-sequence is generated by one irreducible primitive polynomial
-2) Generated M-sequence is sampled with sampler f within a maximum connected set, and has cyclic shift with value m in frequency domain (f, m is derived from cell ID)

- 3) scrambling with sequence from NR-PSS sequence is applied.
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5. Appendix A (details for NR-SSS by M-sequences generated from a maximum connected set)
From the cell ID, the vale m and k is derived as following Equation A-1.

[Equation A-1]
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The M-sequence x(i) is generated by irreducible primitive polynomial 211(octal) as following Equation A-2.
[Equation A-2]
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The M-sequence x(i) is sampled with sampler f which derived from value k within a maximum connected set as following Equation A-3.

 [Equation A-3]
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is BPSK form of the sampled M-sequence xf(i) with sampler f as following Equation A-4. 

 [Equation A-4]
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 with value m in frequency domain as following Equation A-5. 

[Equation A-5]
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Final NR-SSS sequence is d(n) in which c(n) is scrambling sequence from NR-PSS sequence as following Equation A-6. There are total  3 scrambling sequences by value NID(2).

[Equation A-6]
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