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1 Introduction

The set of random access (RA) preambles xu,v(k) [1] with zero correlation zone (ZCZ) of length NCS-1 is defined from the u-th root Zadoff-Chu (ZC) sequence xu(k) by cyclic shifts of multiples of NCS according to 
xu,v(k) = xu((k+ vNCS) mod NZC),






      (1)

where v is an integer and NZC is the length of the ZC sequence defined by

xu(k)=
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For a given cell it is desirable that NCS is as small as possible to maximize the number of ZCZ preambles. The larger the number of ZCZ preambles that can be generated from a single root sequence, the higher is the probability that two preambles transmitted by different UEs in a cell will have zero cross-correlation at the receiver. Preambles generated from different root sequences will have limited but non-zero cross-correlation. Thus a smaller value of NCS improves the receiver performance.
The total number of RA preambles in a cell is required to be 64, so the smaller NCS, the smaller is the number of required root sequences in the cell. This in turn allows for more disjoint sets of RA preambles to be used in the network. 
On the other side, the minimum value of NCS is determined by the requirement that the length of ZCZ, defined by NCS-1, must not be smaller than the sum of the round trip time and delay spread in the cell divided by the symbol period of the sequence.

In the last WG1 meeting, it was agreed to have 16 values of NCS but it remains to agree upon which 16 values to select. Two proposals with 16 values of NCS have been presented in [2] and [3].
This contribution is an updated version of [2], in which the limited set of 16 NCS values is selected to give best receiver performance by minimizing the maximum relative difference between the number of preambles that can be generated for any cell radius with the limited set of NCS values and an unrestricted set of NCS values. 

In [3] a limited set of NCS values is selected that minimizes the number of required root sequences to obtain a total of 64 preambles. 
In Section 2 we present our proposal for the set of 16 NCS values. In Section 3, we compare this proposal with that in [3]. Finally, we give the conclusion in Section 4.

2 Proposed Values of NCS
For a given value of NCS and length of the sequence NZC it is possible to generate Npre=
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 ZCZ preambles, where 
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 is the largest integer less than or equal to x. For NCS=0, there is no cyclic shift and Npre=1. In case the set of cyclic shifts is restricted because of high Doppler shifts, the number of preambles generated from a root sequence is reduced. 

The total number of preambles in a cell is 64 and NZC = 839.

In small cells, say with radius up to 1 km, it is not reasonable to expect high-speed UEs, so there is no need to restrict the cyclic shifts of root sequences. Thus it would be possible to generate 64 ZCZ preambles from a single root sequence if NCS =
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The maximum value of NCS is the one that allows for having 2 ZCZ sequences from a single root sequence, so it is equal to 
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For the largest cells there is only one random access preamble per root sequence and hence NCS=0.
Each value from a finite set of values NCS(k), k=0,1,..,14, ordered in increasing order, will, for given delay spread, produce the maximum number of ZCZ preambles, Npre(k), in a cell having a certain radius r(k). These radii we shall call reference cell radii. The question is how to select the values of NCS(k) so that for any other given cell radius between the reference cell radii r(k-1) and r(k) the number of ZCZ preambles is as close as possible to the number of ZCZ preambles that could be obtained if there were no restriction on the value of NCS.  
Clearly, all values Npre(k) should be unique, and for each k NCS(k) should be selected such that it fulfils NCS(k)=
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 to obtain Npre(k) ZCZ preambles in as large cells as possible.
In the Appendix it will be shown how to select Npre(k) and hence NCS(k) so that the number of ZCZ preambles is as close as possible to what could be obtained if there were no restriction on the value of NCS. The kth value of NCS is given by 
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where [x] denotes the integer closest to x and 
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3 Comparison with Proposal in [3]  
In this section we compare the proposed set in Section 2, labeled Set 1 and the set in [3], denoted Set 2. Two aspects are considered, in Section 3.1 we consider the number of ZCZ preambles generated from a single root sequence, which has impact on the performance, and in Section 3.2 we discuss the required number of root sequences that may impact the sequence planning.
3.1 Number of preambles generated from a single root sequence
Each value from the finite set of values NCS(k) ordered in increasing order, will, for given delay spread, produce the maximum number of ZCZ preambles, Npre(k), in a cell having a certain radius r(k). The maximum relative difference between the number of preambles that can be obtained from the limited set in the interval (r(k-1),r(k)) and the number of preambles that can be obtained from an unrestricted set is denoted Dk.

The limited sets of NCS values and corresponding values of Npre and Dk are given in Table 1. From the table it is clear that the maximum value of Dk is smaller for Set 1 (0.25) than for Set 2 (0.29). Since E-UTRA should be optimized for cell sizes up to 5 km (requiring NCS =40 for maximum delay spread of 5 µs) it is worth noting that in this range the maximum value of Dk for Set 1 is only 0.16, compared  to 0.29 for Set 2.

3.2 Number of required root sequences in a cell

The number of required root sequences, Nr, to obtain in total 64 preambles in a cell without high-mobility UEs is given by Nr=
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 is the smallest integer greater than or equal to x.

Nr is always the smallest possible for a certain cell radius for Set 2 whereas for some values of the cell radius it is somewhat higher for Set 1. However, the 838 root sequences available for cell planning should be more than enough without strict minimization of Nr. The sequence planning is more of an issue  for high mobility cells as at least three times more root sequences are required  per cell compared to cells with low-mobility users and as the number of required root sequences depends both on the value of NCS and on the indices of the root sequences. Therefore it is not important to minimize the number of required root sequences for cells with only low-mobility users.

Table 1 Limited set of NCS values and corresponding values of Npre and Dk.

	k
	NCS(k) , Set 1
	NCS(k), Set 2
	N pre(k) , Set 1
	N pre(k) , Set 2
	Dk, Set 1 
	Dk, Set 2

	0
	13
	13
	64
	64
	-
	-

	1
	15
	19
	55
	44
	0.07
	0.25

	2
	18
	26
	46
	32
	0.12
	0.22

	3
	22
	38
	38
	22
	0.14
	0.29

	4
	26
	52
	32
	16
	0.11
	0.24

	5
	32
	64
	26
	13
	0.16
	0.13

	6
	38
	76
	22
	11
	0.12
	0.08

	7
	46
	83
	18
	10
	0.14
	0.0

	8
	59
	104
	14
	8
	0.18
	0.11

	9
	76
	119
	11
	7
	0.15
	0.0

	10
	93
	139
	9
	6
	0.10
	0.0

	11
	119
	167
	7
	5
	0.13
	0.0

	12
	167
	209
	5
	4
	0.17
	0.0

	13
	279
	279
	3
	3
	0.25
	0.0

	14
	419
	419
	2
	2
	0.0
	0.0

	15
	0
	0
	1
	1
	0.0
	0.0


4 Conclusion

From the discussion in Section 3, we find that the NCS values in Set 1 would give better performance than those in Set 2 and that the lower number of required root sequences for Set 2 is not important. 

We therefore propose to specify Set 1, i.e. the set of values of the cyclic shift increment NCS according to (3), in TS 36.211.

Appendix

The maximum number of ZCZ preambles, Npre, as function of cell radius R is illustrated in Figure 1 for NCS values without any restriction (function A) and for a limited set of NCS values (function B). As can be seen in Figure 1, B deviates from A. The deviation of B(R) from A(R) for some cell radius R may increase the number of required root sequences for that cell radius. This increase of the number of root sequences becomes more important for large cell radii where Npre is small. For example, if A(R)=3 and B(R)=2, the number of root sequences  increases significantly, from 
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. An appropriate measure of the deviation of B from A should therefore weigh the difference A-B with higher weight for small Npre, e.g. by considering the relative difference between the two functions, (A-B)/A. We will adopt the maximum relative difference between A and B over all cell radii as the measure of the deviation of B from A, and find the set of 15 non-zero NCS values that minimizes this measure. In addition to the 15 non-zero values, NCS=0 must be included in the set to obtain preambles for the largest cells. 
The difference A(R)-B(R), and hence the relative difference, is non-increasing with R in interval k, 
(r(k-1), r(k)], as shown in Figure 1. The reason is that B is constant in the interval, whereas A is inversely proportional to the smallest possible NCS for given R. This value of NCS increases with the round trip time and hence with R. The maximum possible value of A(R) in interval k is Npre(k-1)-1, since r(k-1) is the maximum cell radius for which A(R)= Npre(k). The maximum relative difference in interval k, Dk, is then given by 
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If Dk and Npre(k-1) are given, Npre(k) can be calculated by rearranging (A1):
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Figure 1 Maximum number of ZCZ preambles as function of cell radius
The maximum relative difference Dmax over all cell radii is given by Dmax=
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For the following derivation of Npre(k) we will first allow Npre(k) to be real and then round the result to the nearest integer. In Section 2 we described how to select the minimum and maximum values of NCS for a given value of NZC, so Npre(0) and Npre(K) are fixed.

Then Dmax is minimized if all Dk are equal, i.e. Dk = D, k=1, 2, …, K, as will be proved in the following. 

Proof: A set of values
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 = D, k=1, 2, …, K. For this set Dmax=D.
Next, construct another set of values 
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 for k=0 and k=K, so that Dmax<D, i.e.
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Thus, it is impossible to construct a set of values of Npre(k) such that Dmax<D, which proves that Dmax is minimized if all Dk are equal, i.e. Dk = D, k=1, 2, …, K. 
We can now find the set of values 
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Replacing, Dk by D in (A2) and rearranging gives the following linear difference equation:
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where a=(1-D).
The solution of (A3) is
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From (A4) and the boundary conditions Npre(0)=64 and Npre(14)=2, a is determined numerically to a=0.856. 
NCS(k) is obtained by first rounding the value of Npre(k) from (A4): 
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where [x] denotes the integer closest to x.  Finally, the true value of Npre(k) is obtained from Npre(k)=
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 that for some values of k is larger than the rounded value. In Figure 2, the values of Dk from the true values of Npre(k) are shown. It can be seen from Figure 2 that the true values of Npre(k) will cause Dk to deviate from D but for all cell sizes except the two largest the effect will be quite small.
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Figure 2 Maximum relative difference in interval k.
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