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1 Introduction

The influence of high Doppler frequency shifts on the performances of RACH preambles have been discussed at several recent RAN1 meetings. The outcome of these discussions is the agreement to support high mobility scenarios through 0.8 ms RACH preamble with restricted set of cyclic shifts.

The set of RACH preambles xu,v(k) with zero correlation zone (ZCZ) of length NCS-1 are defined from the u-th root Zadoff-Chu (ZC) sequence xu(k) by cyclic shifts of multiples of NCS according to 
xu,v(k) = xu,v((k+ vNCS) mod N),







(1)
where v is an integer and N is the length of ZC sequence defined by
xu(k)=
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Although it is still not specified in the TS 36.211, there is understanding based on [1] that the restricted set of cyclic shifts for given root sequence xu(k) should be obtained by defining allowed multiples v=va which can be used for generating RACH preambles. 
The allowed multiples va are related to the cyclic offset coff of xu(k) that would be produced by the Doppler frequency shift fDopp =1/TPRE, where TPRE = 0.8 ms is the RACH preamble signal duration (without cyclic prefix). The absolute Doppler frequency shift of fDopp = 1/TPRE causes the transmitted RACH preamble, defined by a cyclic shift v·NCS of a root ZC sequence, to give rise to correlation peaks in the receiver’s bank of correlators corresponding to the cyclic shifts v·NCS+coff or  v·NCS-coff  depending on the sign of the Doppler frequency shift [1]. The similar manifestation, with lower but still dominant sidelobe correlation peaks at the same cyclic shifts appears at lower Doppler shifts than 1/TPRE. In addition to the Doppler frequency shift, the round trip time and delay spread may cause additional offset of the correlation peaks. The RACH preamble would then be falsely identified in the receiver’s bank of correlators as the RACH preamble defined by one of the cyclic shifts 
[image: image4.wmf]ë

û

CS

CS

CS

/

N

N

c

vN

off

´

±

 or 
[image: image5.wmf]ë

û

(

)

CS

CS

CS

/

1

N

N

c

vN

off

´

+

±

 of the same root sequence. 
In case coff < NCS or coff > N-NCS the correlation peaks may lead to identification of the correct RACH preamble but with erroneous delay and therefore sequences with such values of coff should not be used [1].
If coff    is in the range [(N-NCS)/2, (N+NCS)/2], then it is not possible for the detector to distinguish whether a correlation peak is due to a positive or negative Doppler shift and hence it is not possible to obtain the correct time of arrival estimate. Therefore these sequences should not be used.

It was pointed out earlier [1]-[4] that the cyclic offset coff produced by Doppler shift fDopp =1/TPRE depends on the root index u. However, a few different formulas for calculation coff as function of u have appeared previously, like coff =u [3] (for RACH preamble xu,v  constructed by first performing an inverse DFT of the ZC sequence with index u and thereafter apply a cyclic shift of multiple v) and

       coff =(N·m-1)/u          







(3)


from [1], where m is the smallest positive integer for which coff is an integer. Although (3) is in principle correct, it is unnecessarily complicated. In the Appendix we show that the simplest formula for coff is the following one:

coff = 1/u  mod N.








(4)

In the next section we derive the mathematical formula specifying the restricted set of cyclic shifts containing the values of allowed multiples va as a function of coff = 1/u. This simple formula can be used both in the UE and Node B to calculate the restricted set of cyclic shifts directly from already known root index u and the length N of ZC sequences. 
2 Formula for restricted set of multiples of NCS
The restricted set of cyclic shifts for given root sequence xu(k) is defined by the allowed multiples v=va which can be used for generating RACH preambles.
For the derivation of the allowed multiples v=va we shall consider the variable d, defined as 
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where coff = 1/u  mod N. We will derive the algorithm by starting from the allowed value va=0, and use the fact that NCS ≤ d < (N-NCS)/2. 
va=0

For va=0, correlation peaks may appear corresponding to cyclic shifts in the intervals I0 = [0, NCS -1], 
I0+ = [ d, NCS + d -1], and I0- = [N- d, NCS + N - d  -1]. 
va=1
For va=1, correlation peaks may appear in the intervals I1 = [NCS, 2NCS -1], I1+ =[ NCS + d, 2NCS + d -1], and I1- = [NCS + N - d, 2NCS +N - d -1]. 
Increasing va in steps of one, allowed values va =x are found as long as the conditions

                                                        max{Ix} < min{ I0+},                                                                 (6)                                                        

and 

                                                       max{Ix+} < min{ I0-},                                                                 (7)
are both satisfied. The conditions (6) and (7) can be written

                                                       xNCS -1 < d,                                                                                  (6’)

and 

                                                       xNCS -1 + d  < N- d.                                                                      (7’)

The first condition to be violated is (6’) if d ≤ N/3, and (7’) otherwise.

For the derivation of the allowed values of v, we define the variables E=
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is the largest integer less than or equal to x.
Consider the two cases d ≤ N/3 and d > N/3 separately:  

d  ≤ N/3

va=E-1
For va=E-1 correlation peaks may appear in the intervals IE-1 = [(E-1)×NCS, E×NCS-1], 
IE-1+ =[ (E-1)×NCS + d, E×NCS-1+d ], and IE-1- = [(E-1)×NCS +N- d, E×NCS-1+N- d]. 
 
Collecting the identified allowed values so far the first subset of allowed values is given by 
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The union of the intervals I0,I1,…IE-1 is denoted I(1) and a similar notation is used  for the I+ and I-       intervals, see Figure 1.
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Figure 1 Intervals of possible correlation peaks for d≤N/3.
The first allowed value va=y in the second subset is such that 

                                                        min{Iy-} > max{ IE-1+},                                                              (8)
i.e.

                                                        yNCS –d > E×NCS-1+d .                                                               (8’)

From the definitions of E and s d is given by d=E×NCS+s, so it follows from (8’) that
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and
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where 
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is the smallest integer greater than or equal to x.
The second subset of allowed values is then obtained in the same way as the first, giving
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It can be seen that 
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displaced by 2(3E+E’) etc. The maximum allowed value va.max=x must fulfill (7’), which gives va,max ≤  F-1.

Thus, the restricted set of multiples of NCS is given by the integers va in the range from 0 to F -1 that fulfill 0≤ va mod (3E+E’) < E.
d  > N/3
va=F-1
For va=F-1 correlation peaks may appear in the intervals IF-1 = [(F-1)×NCS, F×NCS-1], 
IF-1+ =[ (F-1)×NCS + d, F×NCS-1+d ], and IF-1- = [(F-1)×NCS +N- d, F×NCS-1+N- d]. 
 
Collecting the identified allowed values so far the first subset of allowed values is given by 
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The corresponding intervals are shown in Figure 2.
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Figure 2 Intervals of possible correlation peaks for d > N/3.

The first allowed value va=y in the second subset is such that 

                                                        min{Iy+} > max{ IF-1-},                                                              (11)

i.e.

                                                        yNCS +d > F×NCS-1+N-d .                                                          (11’)


From the definitions of F and t N-2d is given by N-2d=F×NCS+t, so it follows from (11’) that
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and
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The second subset of allowed values is then obtained in the same way as the first, giving
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It can be seen that 
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displaced by 2(2F+F’) etc. The maximum allowed value va.max=x must fulfill
                                         max{Ix-} < N,                                                                                     (14)

i.e.

                                       yNCS +NCS-1+N-d<N,                                                                           (15)
which gives va,max ≤  E-1.

Thus, the restricted set of multiples of NCS is given by the integers va in the range from 0 to E-1 that fulfill 0≤ va mod (2F+F’) < F.

To summarize, the allowed multiples va of NCS are given by the following formula:
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where 
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3 Conclusion

We propose that the restricted set of cyclic shifts for given root sequence xu(k) is defined by the allowed multiples v=va which can be used for generating RACH preambles, given by the formula derived in Section 2.
Appendix: Exact formula for calculating coff
The formula (4) can be obtained already from (3). Namely, as u has to be relatively prime to N, for any positive integer u there is a positive integer uinv=1/u such that u· uinv=1 mod N. Hence we can re-write (3) as 
coff = 
[image: image37.wmf]u

u

Nm

1

-

=  -
[image: image38.wmf])

(mod

1

N

u

.
The negative sign in the above expression will disappear for the opposite sign of the Doppler frequency shift, so only the absolute value (1/u) of the above expression is sufficient.
The complete derivation of (4) follows. Without loss of generality, we shall assume that the transmitted RACH preamble is defined by the zero shift of the ZC sequence xu(k). Then the samples of the received RACH preamble r(k), k=0,1,…,N-1, after the Doppler frequency shift of fDopp =1/TPRE can be represented as [4]    
r(k)= 
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(19)
where Tsym is the duration of each symbol in RACH preamble, so N= TPRE / Tsym. 
Then from (19) and (2) it follows

r(k)  = 
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(20)
The last expression shows that the received RACH preamble after the Doppler frequency shift fDopp =1/TPRE  is equal to the transmitted RACH preamble cyclically shifted by coff =1/u, where the transmitted RACH preamble is obtained from u-th root ZC sequence. The complex scaling constant in the received RACH preamble has unit magnitude and thus does not influence the correlation detector in the receiver.
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The restricted set of multiples of NCS 


 	is empty, if d< NCS or d>(N-NCS)/2,


otherwise the restricted set of multiples of NCS is given by the integers va


 	in the range from 0 to F-1 that fulfill 0≤ va mod (3E+E’) < E, if d  ≤ N/3,


in the range from 0 to E-1 that fulfill 0≤ va mod (2F+F’) ≤ F, if d  > N/3,


where 


� EMBED Equation.3  ���,


� EMBED Equation.3  ���; s=d mod NCS; � EMBED Equation.3  ���;


� EMBED Equation.3  ���; t=(N-2d) mod NCS; � EMBED Equation.3  ���.
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